APPROXIMATION OF ELLIPTIC CONTROL PROBLEMS IN
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Abstract. Optimal control problems in measure spaces governed by elliptic equations are consid-
ered for distributed and Neumann boundary control, which are known to promote sparse solutions.
Optimality conditions are derived and some of the structural properties of their solutions, in particular
sparsity, are discussed. A framework for their approximation is proposed which is efficient for numerical
computations and for which we prove convergence and provide error estimates.
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1. Introduction. This paper is dedicated to the approximation of the optimal
control problem

. 1
(P) uE%?Q) J(u) = §||y_yd||%2(g) +OZ||’ILHM(Q), (1.1)

where y is the unique solution to the Dirichlet problem

{ —Ay + oy
y

u in €,
0 onl,

(1.2)

with cg € L>®(2) and ¢o > 0. We assume that o > 0, y4 € L2(2) and  is a bounded
domain in R”, n = 2 or 3, which is supposed to either be convex or have a C1!
boundary T'. The controls are taken in the space of regular Borel measures M(£2).
As usual, M(Q) is identified by the Riesz theorem with the dual space of Cp(2) —
consisting of the continuous functions in 2 vanishing on I' — endowed with the norm

[ullmey = sup  (u,2) = sup /z(x)du,
Izllco ) <1 Izllco) <1 /Q

which is equivalent to the total variation of u.

It has been observed that the use of measures leads to optimal controls which are
sparse. This is relevant for many applications in distributed parameter control; see
[6]. Moreover, the support of the optimal control provides information on the optimal
placements of control actuators. Formally, the same features can be achieved by using
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L1(Q) control cost. In this case, however, the optimal control problem is not well-posed
in the sense of a possible lack of existence of a minimizer due to the fact that L'(Q)
does not allow an appropriate topology for compactness arguments. Other techniques
have been used to overcome this difficulty, including the use of regularization techniques
or the introduction of control constraints; see, for instance, [4], [15], [16].

The focus of this paper is to give an approximation framework which, in spite of
the difficulties due to the presence of measures, leads to implementable schemes for
which a priori error estimates can be provided. We show that the optimal control
measure can be approximated efficiently by a linear combination of Dirac measures.
This is important for practical applications because it provides a way of controlling
a distributed system by finitely many point actuators, giving information on where
they have to be placed. A similar framework in the context of inverse problems was
considered in [1].

The plan of the paper is as follows. In the next section we provide optimality conditions
for (1.1) and derive some properties of the solution, in particular sparsity and actuator
location. In §3, we introduce the approximation framework and prove convergence
of the discretized problems to the continuous one. Rate of convergence results are
provided in §4. In §5 we show that analogous results can also be obtained for Neumann
control problems. Finally, the last section is devoted to numerical test problems.

2. Optimality Conditions. Before establishing the optimality conditions for
problem (1.1) and deducing some consequences from them, let us observe some im-
portant facts. First, given a measure v € M(2), we say that y is a solution to (1.2)
if

/ yAzdr = / zdu for all z € H?(Q) N H (), (2.1)
Q Q

where A = —A + ¢pl. It is well known, see for instance [3], that there exists a unique
solution to (1.2) in the sense of (2.1). Moreover, y € W () for every 1 < p < Pl
and

[Yllwar ) < Collullaree)- (2.2)

Since W, P(Q) € L?() for very f—fQ < p < "5, the cost functional is well defined on
M(Q). Furthermore, the control-to-state mapping is injective, and therefore the cost
functional J is strictly convex. Then, it can be obtained by the standard approach
that (1.1) has a unique solution; see [6] for details. Hereafter, this optimal solution
will be denoted by w with an associated state y. By using subdifferential calculus of
convex functions and introducing the adjoint state we get the following results (see

also [6, 7]).
THEOREM 2.1. There exists a unique element ¢ € H*(2) N H}(Q) satisfying

—Ap+cp = Y—ya infl,
= 0 on T,

Ay
|



APPROXIMATION OF MEASURE CONTROLS WITH SPARSITY 3

such that
@l ancey + / pdi =0, (2.3)
] —a a0,
2.4
I8l {<a A (2.4)

Proof. By standard arguments from Lagrange multiplier theory and the Sobolev
embedding theorem, we deduce the existence of a A € Cp(2) with

A€ [[m@(a) and al=—p. (2.5)
By the definition of the convex subdifferential, the first inclusion is equivalent to
(A u =) + [|tf| pme) < llullmee) (2.6)
for all u € M(Q). Taking u = 2@ and u = 0, respectively, we obtain the two inequalities
(A a) <l amee) < (A )

and hence (2.3) by the second relation of (2.5). Inserting (2.3) and A = —1 & into (2.6)
yields
(@, u) < allull me),
which implies (2.4). O
As pointed out in [6], if we consider the Jordan decomposition of @ = @t — @™, then

we deduce from (2.3) and (2.4) that

supp(a™) C {z € Q: ¢(z) = —a},
{ Supp(l_L*) C {I S Q: @(I) = +a} (27)

From (2.7) we note that @ = 0 on the set {x € Q : |g(z)| < a}. As the numerical
results will show, the set {x € Q : |g(z)| = a} is small, which yields the sparsity of 4.
Moreover, we have the following property for the penalty parameter.

PROPOSITION 2.2. There exists & > 0 such that u = 0 for every a > @.

Proof. Let us denote by J, the cost functional associated to the parameter «. Similarly,
let (tas Yo, Pa) denote the solution to the corresponding optimality system. For each
a > 0 the following inequalities hold

1

1
§||ya - yd||2L2(Q) < Ja(ua) < JQ(O) = iHyd”%Q(Q)'

Consequently,
1Y = Yallz2@) < llyallzz) Yo > 0.

From the adjoint state equation and the embedding of H?(Q2) N H}(Q) — Cy(Q), we
deduce the existence of a constant C' > 0 such that

leallco@) < Cllya — vdall2) < Cllyallzzo)-
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Setting & = C||yal|L>(q), we obtain from the above inequality and (2.4) that u, = 0
for every a > a. O

In the case where we consider the observation of the state only in a subset w, C €,
then we have the following property of the support of the optimal control.

PROPOSITION 2.3. Let w, be an open subset of Q such that Q\ w,, is connected and
consider the functional
1
Ju, (u) = §||y — Yl 2, + allullme)-
Then the associated optimal control u satisfies supp(w) C @w,.

Proof. For the functional under consideration, the adjoint state equation is given by

—Ap+cop = (¥~ Ya)Xw, inf,
P = 0 on I,

where x,,, is the indicator function of w,. Applying the maximum principle to the
problem

~A@ + cop 0 inQ\@,,
p = 0 onT,

we deduce that ¢ is identically zero in 2\ @, or
min ¢(z') < p(z) < max @(z') Ve Q\ w,.
x’' €Owy 2/ €Owy

In both cases the equality (2.4) can only be achieved in @,, therefore (2.7) implies the
claim of the proposition. O

Let us close this section by pointing out that the results of our paper can also be
adapted to the situation where the control domain is a priori restricted to a strict
subdomain w, of 2, and the controls are restricted to be non-negative (cf. [7]).

3. Approximation of (1.1). In this section 2 will be assumed to be convex.
We consider a nodal basis finite element approximation of (1.1). Associated with a
parameter h we consider a family of triangulations {7}, }x>0 of Q. To every element
T € Ty, we assign two parameters p(T) and o(T), where p(T') denotes the diameter of
T and o(T) is the diameter of the biggest ball contained in T. The size of the grid
is given by h = maxreT;, p(T). The following usual regularity assumptions on the
triangulation are assumed.

(i) There exist two positive constants p and ¢ such that

p(T) h

—= <o and —=<p

o(T) p(T)
hold for every T' € T;, and all h > 0.

(ii) Let us set Q) = Upe;, T with €, and 'y, its interior and boundary respectively.
We assume that the vertices of 7, placed on the boundary I'}, are also points
of T'. From [13, inequality (5.2.19)] we know

12\ Q| < Ch?, (3.1)

where | - | denotes the Lebesgue measure.
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Associated to these triangulations we define the space
Y, = {yh € Co(Q) : Ynir € P1 for every T' € Ty, and y, = 0 in Q\Qh},

where P; is the space formed by the polynomials of degree less than or equal to one.
For every u € M(Q), we denote by y; the unique element of Y}, satisfying

a(yn, zn) = /Q zpdu Vzp € Yp, (3.2)
h
where a : H'(Q) x H*(Q2) — R is the bilinear form associated to the operator A4, i.e.,
a(:2) = [ [Vo(@)V2(0) + colohy(o)=(o)] da.
The approximation of the optimal control problem (1.1) is defined as
®0) min ) = gl —valE@y +olule,  (33)

where yj, is the solution to (3.2).

Since we have not discretized the control space, this approach is related to the variational
discretization method introduced in [8]. Below we will show that among all the solutions
to (3.3) there is a unique one which is a finite linear combination of Dirac measures
concentrated in the interior vertices of the triangulation, leading to a simple numerical
implementation.

Before any discussion of the solutions to problem (3.3), let us to introduce some

additional notation. Hereafter we will denote by {z; };V:(?) the interior nodes of the
triangulation 7j. Associated to these nodes we consider the nodal basis of Y}, given by

the functions {ej};-v:(?) such that e;(z;) = 6;; for every 1 <i,j < N(h). Then every
element yp of Y3, can be written in the form

N(h)
yn= Y yje;,  where y;=yn(z;), 1<j<N(h).
j=1

We also consider the space

N(h)
Dy =< u, € M(Q) :up = Z /\j(szcj» where {)‘]};V:(?) CR

j=1

Above d,,; denotes the Dirac measure centered at the node ;. It is obvious that Dy,
can be identified with the dual of Y}, through the duality relation

N(h)
(un,yn) = > Ay
=1

Now, we define the linear operators IIj, : Co(Q2) — Y}, and Ay, : M(2) — Dy, by

N(h) N(h)
Mpy = Z y(z;)e; and Apu= Z (u,€)0q,.

Jj=1 Jj=1
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The operator IIj, is the nodal interpolation operator for Y}, and we have the following
result concerning the operator Ay,.
THEOREM 3.1. The following properties hold.
1. For every u € M(Q) and every z € Co(Q2) and z, € Yy, we have

(u, 2n) = (Anu, zn), (3.4)
(u, Ipz) = (Apu, 2). (3.5)

2. For every u € M(Q) we have
[Anullamee) < lullme, (3.6)

Apu = win M(Q) and || Apull o) = llull me)- (3.7

3. There exist a constant C' > 0 such that for every u € M(Q)

)y n
lu = Apullw-ro@) < CRY luf pmey, 1<p < 7 (3.8)

l[u— AhuHWOLOO(Q)* < Chllull me), (3.9)
where p' is the conjugate of p.

4. Given u € M(Q), let yn, and gy, be the solutions to (3.2) associated to the
controls u and Apu, respectively. Then the equality yn, = yp holds.

Proof. For z, = ZN(h) zje; we have

j=1
N(h) N(h)

(wzn) = > zjlurej) = > (u,e;) (00, 2n) = (Apu, 2),
j=1 j=1

which proves (3.4). For (3.5) we proceed as follows

N(h) N(h)
(u, Mp2) = Z z(x5)(u, e5) = Z (u,e;)(0z,,2) = (Apu, z).

To verify (3.6) we introduce the function s, € Y}, by

N(h) +1 if (u,e;) >0,
Sp = Z sjej, with s;=4¢ —1 if (u,e;) <0,
Jj=1 0 otherwise.
Then we have
N(h) N(h)
[Anullmee) = u,ei)l = ) sjfuse;) = (u,sn) < [[ullamellsnllen
j=1 j=1
= HUHM(Q)

Let us prove (3.7). Since {Apu}pso is bounded in M(2) there exists a subsequence,
denoted in the same way, such that Aju — v in M(Q). From (3.4) we get that

(v,5) = lim (A, e5) = (u 5) V1< < N(h),
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which implies that (v, z,) = (u, z;,) for every z, € Y},. Hence, for every z € Cp(f2)

(v,2)

= %%(v,ﬂh@ = %%(u,ﬂ;ﬂ) = (u, z),
therefore u = v. Since any subsequence converges to u, the whole sequence converges
to u weakly* in M (). From this convergence and (3.6) we obtain

[ullme) < liminf [Apul| vy < limsup [Apull v < llullme),
—0 h—0

consequently (3.7) holds.

To prove (3.8) we take an arbitrary element z € Wol’p/ (€2), with 1 < p < 5. Using
(3.5) and the well known interpolation error estimates in Sobolev spaces (see, for
instance, [5, Chapter 3]) we obtain

<u — Apu, Z> = (u, Z = Hh2> < HUHM(Q)”Z - HhZ”Co(Q)

< Rl s 2l oot -

Since W=1?(Q) is the dual of Wol’pl(Q) for 1 < p < -2, (3.8) follows from the above

n—17
inequalities. For p = 1, we have p’ = co and the above inequality can be expressed as

(u—Apu,z) < ChHUHM(Q)”zHW(}’OO(Q)v Vz e WOLOO(Q)'

Since W~11(Q) is not the dual space of Wy *°(Q), from this inequalities we only get
(3.9).

The last statement of the theorem is an immediate consequence of (3.4). O

Now, we turn to the study of (3.3). First, we observe that analogously to J, the
functional Jj, is convex. However, it is not strictly convex. This is a consequence of the
non-injectivity of the control-to-discrete-state mapping and the non-strict convexity of
the norm of M (). Although the existence of a solution can be proved in the same
way as for the problem (1.1), we cannot claim its uniqueness. Nevertheless, if ay, is a
solution to (3.3) and we take @, = Aptp, then the statement / of Theorem 3.1 and
the inequality (3.6) imply that Jp(ap) < Jp(@r), hence @y, is also a solution to (3.3).
Since for up € Dy, the mapping uy, — yn(up), the solution to (3.2) for u = uy, is
linear, injective and dim Dj = dim Y}, this mapping is bijective. Therefore, the cost
functional Jj, is strictly convex on Dp, hence (3.3) has a unique solution in Dy, which
will be denoted by %y, hereafter. We summarize this discussion in the following theorem

THEOREM 3.2. Problem (3.3) admits at least one solution. Among them there exists
a unique one dy, belonging to Dy. Moreover, any other solution @, € M(Q) of (3.3)
satisfies that Aty = Up.

Remark 3.3. The fact that (3.3) has exactly one solution in Dy, is of practical interest.
Indeed, recall that, as an element of Dy, up has a unique representation of the form

N(h)

Up = Z )\jémjw

Jj=1
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Then, the numerical computation of uy is reduced to the computation of the coefficients
3 AN
{xid=

Jj=1

We finish this section by proving the convergence of the solutions in Dy, to problems
(3.3) to the solution to (1.1).

THEOREM 3.4. For every h > 0, let @y be the unique solution to (3.3) belonging to Dy,
and let u be the solution to (1.1). Then the following convergence properties hold for
h —0:

ap = a in M(Q), (3.10)
(| amcey = 8l a)s (3.11)
19 = YnllL2) — 0, (3.12)
Jn(an) — J(a), (3.13)

where §y and yp, are the continuous and discrete states associated to u and uy, respec-
tively.

Proof. First of all, let us verify that
up = win M(Q)  implies  [Jyn(un) — Yullz2(0) — 0, (3.14)

where yp, (up) and y,, are the discrete and continuous states associated to the controls
up, and u, respectively. From the compact embedding M(Q) < W ~1P(Q) for every
1 < p < 25, we deduce the strong converge up — u in W=LP(Q). Let us denote by
Yu,, the continuous state associated to wuy. From [9] we obtain the strong convergence
Yu, — Yu in WHP(Q), where we have used that the boundary T is Lipschitz continuous
as a consequence of the convexity of 2. Moreover, from [2] we have that |lys(up) —
Yup l22(0) — 0. Finally, by the triangular inequality we obtain the desired convergence.

Turning to the verification of (3.10), we observe that

_ _ 1 1
allnllm) < Jnltn) < Jn(0) = §||yd\|%2(nh) S §|lyd||%2(m,

which implies the boundedness of {u;}r>0 in M(). By taking a subsequence, we
have that @, — v in M(). Then using (3.1), (3.14), the lower semicontinuity of the
norm || - || pme) and (3.7) we get

J(v) < liminf Jp (@) < limsup Jp(ap) < limsup Jy(Apa) = J(@).
h—0 h—0 h—0

Hence v = @ by the uniqueness of the solution to (1.1), and the whole sequence {@y }n>0
converges weakly* to @. Also, from the above inequality we get (3.13). Using again
(3.14), we deduce (3.12). Finally, (3.11) follows immediately from (3.12) and (3.13). 0

4. Error Estimates. This section is devoted to the proof of error estimates for
the optimal costs as well as for the optimal states. We still require €2 to be convex and
in addition we assume

if n =2,

if n=3. (4.1)

ya € L"(Q) with r = {

wloo W~
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As in the previous sections, we denote by y and ¢, the continuous and discrete states
associated to the optimal controls w and uy, respectively.

THEOREM 4.1. There exists a constant C' > 0 independent of h such that
(@) — Ju(@n)] < Ch7, (4.2)

where k =1ifn=2and k =1/2 if n = 3.

Proof. We establish some preliminary estimates. Given u € M(€), with associated
continuous and discrete states y and yp, we know from [2] that

ly = ynllz(,) < Ch¥||ull pm), (4.3)
with x defined as in the statement of the theorem.

Taking r as in (4.1) and using Holder’s inequality and (3.1), we deduce that for all
¢ e L"(Q),

r—2 K
Q\ Q|7 < Cl9llLr@\an)h? (4.4)

16l z2@\0n) < l9llr@\2n)
holds. As a consequence of (4.3) and (4.4), with ¢ = y — y4, we get
[y = vallZzcay = llom — vallZzcany| < Iy = val3anan)

+ (ly = wallL2n) + lyn — yallLzn)) 1y — yrll L2
< ¢ (lly — al

Trnan + v = vallz2 @) + llyn — yd|\L2(Qh)H|U||M(Q)) h*. (4.5)

Now, by the optimality of u and u; we have
J(@) — Jp(a) < J(@) — Jp(an) < J(an) — Jn(an),
hence
|J (@) = Jn(un)| < max{[J(@) — Jn(@)],[J () = Jn(tn)]} - (4.6)

From (3.11) we deduce that {uy}r>0 is bounded in M (). Therefore, (2.2) implies
that the continuous associated states {yg, }r>0 are bounded in VVO1 P(Q) for every
1 < p < 25 and therefore also in L"(€2). We apply (4.5) with v = @), and u = 4,
respectively. Together with (4.6) this establishes (4.2). O

In the following theorem we establish a rate of convergence for the states.

THEOREM 4.2. There ezists a constant C > 0 independent of h such that
17 = Fnll2 @) < Ch3, (4.7)

with k as defined in Theorem j.1.

Proof. Let S : M(Q) — L*(Q2) and Sp, : M(2) — L?*(Q) be the solution operators
associated to the equations (1.2) and (3.2), respectively. From (4.3) it follows that

15w = Spull L2,y < CR®||ullae)- (4.8)
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By the optimality of 4 we have for all u € M(Q), that
(5t — ya, Su — Su) + of||[ul me) — [l rme)] = 0,
where (-,-) denotes the scalar product in L?(Q2). In particular, taking u = i, we get
(St = ya, Sup — Su) + af||tnl mee) — llallme)] = 0. (4.9)
Analogously, the optimality of @; implies that
(Shtin = ya, Spte — Sptn) + ||l mee) = 1tn [ rmie)] = 0. (4.10)
We point out that by definition of Y},, we have Spu = 0 in Q \ Q4. Then, the scalar
product above in L?(Q) coincides with that in L?(9;). Now, we rearrange terms in
(4.10) as follows:
(Sﬂh — Yd, SU — Sﬂh) + (Sh'ﬁh — Say, Spu — Sh’ﬁh)
+ (yq, Su — Spt + Spup, — Say) + (Sun, Sy — St + Sy, — Spun)
+ oflll m) — llanlrme)] = 0. (4.11)
Now, adding (4.9) and (4.11) we obtain
||S’[L — Shfbh“%z(g) = (Sﬂ — Spup, Su — Shﬂh)
< (Shﬂh — Sy, Spu — Shﬂh)
+ (ydeﬁh,SﬂfShﬁ+Shﬂh 7Sﬂh). (4.12)
Let us estimate the right hand terms. For the first one we apply the Cauchy—Schwarz
inequality, exploit the fact Spa — Spa, = 0in 2\ 5, and use (4.8), to deduce
(Shﬂh — Sayp, Spu — Shﬂh) < ||Sh’L_Lh — S'L_l,hHLQ(Qh)”Shﬂ — Sh’L_LhH < Chﬁ, (413)

where we have used that {ap}n>o0, {Sht}tnso and {Sptn}tn>o are bounded due to
(3.11), (3.12) and (4.3), respectively. For the second term we use (4.4) and once again
(4.8) as well as the fact that Spu =0 in Q\ Qp, to obtain

(Ya — Sun, St — Spu + Sptip, — Stun) < ||ya — SunllLz@\0u) 1S (@ — @n) | L2@\04)
+ llya — Stnll2(0,) (S — Su) (@ = tn) | L2(0))
< C (llya — Stunll ) 1S (@ = @n) | Lr@\ap) + 12— nllpy) A < CRE,
(4.14)
where we have also used that yq4 € L"(Q2) and (2.2). Finally, (4.12), (4.13) and (4.14)
prove (4.7).0

Remark 4.3. Let us observe that (4.2) and (4.7) imply that

@l amee) = lanllmey | < Ch2

for some constant C > 0 independent of h.
Remark 4.4. All the previous results remain correct for a general elliptic operator
n
Ay = - Z a:rj [azgamy] + aoy,
ij=1

provided the coefficients a;; are Lipschitz continuous functions in Q and ag > 0 is in
L>(Q).
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5. A Neumann Control Problem. In this section, we assume that the system
is controlled on the boundary. The control problem is formulated as follows

, 1
(Pr)  min Jr(u) =gy — yallZ2 () + allull merys

where y is the unique solution to the Neumann problem

—Ay+cy = [ inQ,
{ Oy = u onl, (5.1)

for cg € L>=(R), co > 0 and co Z 0, and given f € L*(Q). Here we will assume 2 C R",
n =2 or 3, to be convex and polyhedral. Again by the Riesz representation theorem
M(T') is identified with the dual space of C(T"); see, for instance, [14, Chapter 6].
Concerning the state equation (5.1), analogously to the Dirichlet problem (1.2), we
say that an element y € W1P(Q), p < —, is a solution to (5.1) if

/yAzda:—i—/y&,zdo':/fzda:—i—/zdu for all z € H?(9Q).
Q r Q r

We have the following theorem.

THEOREM 5.1. The problem (5.1) has a unique solution belonging to WP(Q) for

every 1 < p < 2=, and there exists a constant C, > 0 such that

n—1’

Nyllwrr@) < Cp (1l + lullary) -

As a consequence of this theorem, we have that the functional Jpr : M(T') — R
is well defined. Moreover, it is continuous and strictly convex. Therefore, it has a
unique minimizer that hereafter will be denoted by @, with associated optimal state g.
Analogously to Theorem 2.1, if we denote the adjoint state associated to @ by ¢,

—Ap+cp = Y—ya inf,
Op = 0 on I

then the following identities hold

wme+L¢@:a (5.2)
_ =a ifu#0,
lellc {< 0 a0 (5.3)

Then, (5.2) and (5.3) imply a sparsity structure of @ analogous to (2.7).

To carry out the numerical analysis of problem (1.1), we consider the same triangulation
as in §3. On this triangulation we define the space of discrete states by

Y, = {yh €eC(): Yn|r € P1 for every T' € Th},

and the discrete state equation

a(yn, zn) = / fandx + / zp, du for all z;, € Y3,. (5.4)
Q r
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The approximation of the Neumann control problem results in

. 1
(Pr.n) L Jn(un) = §Hyh — vallT20 + allufl my,

where yj, is the solution to (5.4). Before analyzing this problem, let us prove the
following error estimates concerning the discretization of the state equation.

THEOREM 5.2. Given u € M(T), let y and yy, be the solutions to (5.1) and (5.4).
Then, there exists a constant C' > 0 independent of h, f and u such that

ly = wnllz2@) < CR" (| fllr) + lullmay) (5.5)

with k as in Theorem 4.1.

Proof. Here we follow the lines of the proof [2, Theorem 3]. For any function g € L*(Q),
let 2 € H%(Q) be the solution to

—Az+cz = g inQ,
dyz = 0 onT,

and z; € Y}, the solution to

a(zn, on) = / gon dx for all ¢y, € Y},.
Q

Using Green’s formula, we obtain
[ 8= ) dz = aly = 31.2) = a6.2) ~ alon ) = aly. ) = ayn. 1)

= Qf(z—zh)dx—i—/r(z—zh)du

< (I ler @y + Nlullay) 112 = znlloo
< C(Ifler ) + lullamry) 52l 2 o)
< C(Ifller @ + lullmay) gl

where we have used the classical finite element error estimate; see, for instance, [5,

Chapter 3]. Since g € L?(Q) is arbitrary, this gives the desired estimate. O
Analogously to §3, we will denote by {z; }JM:(Ih) the boundary nodes of the triangulation
Tr. Associated to these nodes we consider the space

Y§ = {yh € C(T) : Ynjrar € P1(T'NT) for every T' € 77{} ,

where {T;F' }1~¢ is the family of boundary triangles. A nodal basis of Y} is given by
M) Such that ej(x;) = 0;; for every 1 <4, j < M(h). Then, every

the functions {e;};_;
element y;, of Y}I' can be written in the form

M(h)
yn= Y yje;, where y; =yn(x;), 1 <j < M(h).
=1
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We also consider the space

M(h)
DP =L up e M(D) s up, = Z A0, where {)\j}jf‘/i(lh) CR

=1

Above, d,,; denotes the Dirac measure centered at the node x;. It is obvious that DE
can be identified with the dual of Y;'" through the duality relation

M(h)
(wn,yn) = Y \jyj-
j=1

Now, we define the linear operators IIj, : C(I') — Y} and Aj, : M(T') — D}, by

M(h) M(h)
My =Y ylej)e; and  Apu= Y (u,e;)d,.
j=1 =1

With the above notation, the identities (3.4) and (3.5) remain valid and (3.6) and (3.7)
hold with €2 replaced by I'. Also, the statement / of Theorem 3.1 remains correct for
u € M(T). This, in particular, implies that Theorem 3.2 remains valid for the case of
Neumann boundary control.

The analogous inequalities to (3.8) and (3.9) are

< CR Y |u ey, 1< p< ——,

—A
= Al g0 < o

lu — Apullwroory < Chllul| pmr)-

To prove these inequalities let us consider an arbitrary element z € W (I). It is
well known that W%’p’(F) is the trace space of Wh*' (Q) ¢ C(Q); see [11]. Given
w e WHP' (Q), let us denote by wy, its nodal interpolation on the triangulation of €.
Then, arguing as in §3, we obtain

(u—Apu, z) = (u,z — pz) < |lul|pmeryllz — rzlle)

< Jullmery inf [w —whllc@)
wEW L () y(w) ==
< O ful| e inf w100
@ pewi @)=z Vo (@)

_ 1-n/p’ ,

R fall a2l 3.
Since W5’ () = WsP (T), the inequality (3.11) follows from the above inequality.
The inequality (3.12) is proved analogously.

Hereafter, @y, will denote the unique solution to (3.3) in the space Dj, with the associated
discrete state gp. Then, as a consequence of Theorem 5.2 and the previous observations,
we get that Theorem 3.2 remains true with € replaced by T

Finally, error estimates analogous to (4.2) and (4.7) can be obtained following the
same arguments, replacing (4.3) by (5.5) and taking into account that = €, which
obviously simplifies the proofs.
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6. Computational Results. We illustrate the theoretical results of the previous
sections with numerical examples in two dimensions. For our computational domain,
we take the square Q;, = Q = [—1,1]?, which is discretized using the standard uniform
triangulation arising from N x N equidistributed nodes. Unless stated otherwise, we
fix N = 128, which corresponds to h = 0.0157, ¢ = 0, and o = 1072,

The numerical solution of the discrete optimality system is based on an equivalent for-
mulation of the optimality conditions (2.3) and (2.4). Returning to the characterization
(2.5) of the subgradient, we have that the adjoint state @ € C(€2) satisfies

—¢ € ad|| - [| ma) (@)

By the definition of the convex subdifferential, this is equivalent to
U € Olzeco(@):2llcy @ <at (—P),

since the Fenchel conjugate of the indicator function of the (scaled) unit ball in Cy(€2)
is the (scaled) norm in M(£2). The subdifferential of the indicator function is then
given by the normal cone, which can be characterized by the variational inequality

(@,@ —¢) <0 for all [|p]lcy ) < .

We now pass to the discrete setting by replacing the continuous control @ with its
discretization @, and introducing the discrete adjoint state @, = Zjvz(? ) pje; € Y.
The above variational inequality can then be reformulated using a complementarity

function as
ap, + max(0, —up + @n — ) + min(0, —ay + @n + ) =0,

which should be understood component-wise in terms of the vector of expansion
coefficients (A1,..., Ay(n)) and (@1,...,¢n(n)). This is a locally Lipschitz mapping
from RV x RN — RN(M) and thus the reformulated discrete optimality system can
be solved by a locally superlinearly convergent semi-smooth Newton method [10, 12].
The corresponding algorithm was implemented in MATLAB (R2011a).

We first illustrate the structural properties of the optimal controls. Figure 6.1 shows
the norm of the optimal control u, as a function of the penalty parameter o. As
verified in Proposition 2.2, there exists an & (= 0.187), such that u, =0 for a > a.

The statement of Proposition 2.3 is illustrated in Figure 6.2, where the optimal controls
for the target y4 = 10 exp(—50||z||?) and different observation domains w,, are compared.
As a reference, Figure 6.2a shows the control for w, = €. In contrast, the control for
Wy = X{|a1|<1/2} X{|za|<1/4} & €2 vanishes outside of w,, see Figure 6.2b.

We now investigate the convergence behavior as h — 0. In the absence of a known
exact solution, we take as reference solution the computed optimal discrete control
and optimal discrete state on the finest grid with N* = 219, corresponding to h* =
2-1073. We first consider distributed control, with the target y41 given in Figure 6.3a.
Figure 6.4a shows the difference |J;, — Jp«| for a series of successively refined, nested
grids for N = 23,...,29 The observed linear convergence rate agrees well with the
rate obtained in Theorem 4.1. The corresponding L? error ||y, — yp+||z2 of the discrete
states also decays with a linear rate, which is faster than predicted by Theorem 4.2.
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Fig. 6.1: Dependence of norm of optimal control u; on penalty parameter «.

e e

R, 05 h R 05
1 1

(a) up, observation on wy = Q (b) up,, observation on wy € Q (in red)

Fig. 6.2: Comparison of optimal controls uy, for full observation (w, = ) and partial
observation (w, C 2, marked in red).

For the case of Neumann control, we set « = 5- 1072 and ¢g = 102 and consider
the target yq,2 shown in Figure 6.3b. Again, both the error in the functional value
(Figure 6.5a) and in the state (Figure 6.5b) follow an approximately linear convergence
rate. To illustrate the sparsity properties of Neumann boundary controls, Figure 6.6
shows the optimal control uy, , for a = 1072, 1072 and 1071, plotted along boundary
sections as indicated.

7. Conclusion. By considering optimal control problems in spaces of measures,
controls with strong sparsity properties can be obtained. Although the non-reflexive
Banach space setting complicates the analysis, a straightforward numerical approxima-
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(a) target ya,1 (b) target yg,2

Fig. 6.3: Target states for convergence rate examples

107 |

1071 - .

L Y i N S B S | i i Y N
102 107! 102 107!
h h

(a) functional value Jp, (b) L? norm of state yy,

Fig. 6.4: Illustration of convergence order for distributed control

tion that retains the structural properties of the measure norm is possible. In a sense,
the results of this paper justify the “intuitive” discretization of regular Borel measures
by Dirac measures on a set of nodes.
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