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Abstract
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1 Introduction

We are concerned with the problem of finding in a given class of domains an
optimal member w* which minimizes the distance of the flux of the system
state u to a desired constant flux in its natural norm such that w is the solution
of a Dirichlet problem on w*. Shape optimization of this type arises for example
in an optimal control approach to free-boundary value problems of Bernoulli
type which serve as mathematical models for problems in ideal fluid dynamics,
optimal insulation and electrochemistry ([A,Fa]).

This problem was recently considered by the authors in [HKKP]. Represent-
ing the dual norm of the flux by the H'-norm of the solution of an auxiliary
transmission problem existence of a solution to the shape optimization prob-
lem above was established. By the use of the transmission problem the delicate
investigation of the continuous dependence of the normal flux on the boundary
of the domain could be avoided. The state equation was numerically solved
by an embedding domain technique based on boundary Lagrange multipliers.

Roughly speaking the idea of embedding domain techniques is to extend the
state equation to a larger domain with a simple geometry. The original Dirich-
let boundary conditions thus become conditions on internal curves which are
imposed by Lagrange multipliers. The advantage of such an approach is that
due to the simple geometry of the larger domain the extended state equation
can be solved more efficiently on a fixed structured grid. This considerably
accelerates global optimization methods which typically need a large number
of evaluations of the cost functional. Moreover, the extension can be arranged
in such a way that the Lagrange multiplier concentrated on a boundary com-
ponent where homogenous boundary conditions are prescribed coincides with
the normal flux of the original state.

It is the purpose of this note to demonstrate that the fictitious domain ap-
proach can serve as a framework for analyzing shape optimization problems. In
particular it provides a tool for describing continuous dependence of the states
and the Lagrange multipliers with respect to varying domains. This implies
existence of a solution to the shape optimization problem. We recall that the
Lagrange multipliers are sensitivity measures of the cost with respect to the
control variable w. To our knowledge this result and this approach are new.
In [HKKP] we use the embedding domain technique as a computational tool
only. The basic features of our analysis are the following: at first we construct
a Cl-diffeomorphism of a uniform tubular neighborhood of the boundary of
any feasible domain onto a rectangular strip. Here we use the C? -regularity
for the boundaries. Next we build a family of uniformly bounded extension
operators which extend periodic functions defined on the boundary of a feasi-
ble domain into a tubular neighborhood. These tools will allow us to compare



functions which are defined on different domains. Applying our results to the
Bernoulli problem this assumption is acceptable since it is known that a C*
free boundary for the Bernoulli problem in 2 dimensions is in fact analytic, see

the discussion in [FR]. A numerical realization of our approach is discussed in
[HKKP].

The outline of the paper is as follows: In Section 2 we describe the shape
optimization problem and the class of feasible domains. The fictitious domain
formulation and some basic facts about periodic Sobolev spaces are recalled in
Section 3. The continuous dependence of the solution as well as the Lagrange
multipliers is discussed in Section 4. The verification of some technical results
is deferred to the Appendix.

2 Formulation of the problem

In this note we consider the following shape optimization problem:

minol =~ Lli-vae,) (1)
subject to:
Au=0 in w,
u=0 onI'y, (2)
uU=c on I'y.

Above w C R? is a doubly connected domain with boundary dw = T’y U Ty,
where Iy is the fixed, given component of the boundary and I'y the free com-
ponent. The fixed boundary component I'y may be empty. Furthermore, v
indicates the outward normal unit vector to w, O describes the set of admissi-
ble domains and L and c are appropriately chosen constants, see below. This
optimization problem is motivated by the Bernoulli free-boundary value prob-
lem. A survey of this problem can be found in [FR]. If I'; is exterior to I'y the
exterior Bernoulli problem is defined as:

Find (w*,u) € O x H'(w*) such that

Au=0 in w*,
u=20 on I'y, (3)
u=1 on Iy,

0

@75 =1L on Ff,

It is known that (3) has a solution (w*,u) if L < 0 and I'y is Lipschitz con-
tinuous ([AC]). In the interior Bernoulli problem I'; is interior to I'g, u = 0
on I'y, u = 1 on I'y and L > 0. Substituting v — 1 for v we may without



loss of generality assume u = 0 on I'y. A solution to the shape optimization
problem (1) with vanishing cost leads to a solution of the Bernoulli problem
and conversely.

We assume that the free boundary component is contained in a set S of
parametrized curves 7: [0,27] — R?. We shall denote by I, the curve repre-
sented by 7 and by w, the domain bounded by I'y and I'y = I',. From now
on we shall write I'; instead of I'y. Hence, w € O if and only if w = w, for
some v € S. Let C5_be the space of restrictions to [0,27] of the subspace of
27-periodic functions in C*(R,R?), k € N. We assume v € S if and only if v
satisfies

(S1) v € C3,.
(§2) There exist positive constants «, 71,72 such that

¥(t)] >« for all t € [0, 27],
oo <71, [loo < 72

(83) ~ represents a positively oriented closed curve.
(§4) wy; Cc Q= (-1,1)>
(85) There exists a positive constant d such that

dist (['p, I',) > d, dist (I, 092) > d.

(§6) There is a constant h > 0 which does not depend on v such that for every
t € [0,27] there are two open discs B; and B, of radius h which satisfy
B; Cwy, B, C Q\w, and ~(t) € B; N B,.

In (§2) above | - | denotes the supremum norm. As a consequence of (S2)
we note that every parametrization in S is regular, i.e. the tangent vector is
defined everywhere. Assumptions (S1) and (S3) ensure that every element
of § represents a closed curve with a fixed orientation. Let us briefly discuss
(86): choose v € S, t € [0,27] and let x; be the center of the ball B; in (S6).
Then ~(t) — x; = —hv(t) follows from the observation ~y(t) € argmin {|y(7) —
z;)?: 7 € [0,2x]}. This entails v(t) — nhv(t) € w, and by a similar reasoning
Y(t) +nhr(t) € Q\ w; for n € (0,1) where v(t) denotes the exterior normal
unit vector to I', at y(t). Hence assumption (S6) implies the existence of a

tubular neighborhood D, of I'; such that
D, = {z € Q: dist (z,I,) < h} = Ejuﬁg,
—
B = {1(t) = hap(0), 1 € [0,1), ¢ € [0, 2]}, @
DI cQ\w,, D] Caw,

Note that the width A of the tube may be chosen independently of v € S.
As a consequence {I',: v € S} is a family of simple closed curves. We do not



attempt to carry out our analysis in an as large as possible class of domains.
We remark however, that in view of the regularity results in [AM] the family
S contains the free boundary for the exterior problem if the fixed domain is
starshaped.

Existence of a solution to (1) usually is derived from some continuity of the
cost-functional. This requires that a statement like “ u(w,) converges to u(ws)
as 7 — 7 7 makes sense. Since the domain of definition of u(w,) depends
on v this amounts to comparing elements of different function spaces. We
circumvent the ensuing difficulties by a fictitious domain framework which
provides a natural concept for such a convergence.

3 Reformulation of the problem
3.1 Fictitious domain formulation

It is well known that for any w € O the state constraint defined by (2) has a
unique solution which is at the same time the unique minimizer of

D R
min o [Vol,

K ={ve H(w): v|r, = ¢,v|r, = 0}.

Let us replace this constrained optimization problem by the following equiv-
alent problem:

1
min = V|3,
min g IVola (5)
K = {0 € Hy(Q): d|r, = ¢, 0|r, = 0}.
We endow the space H} () with the norm
Bl = (VO,VO)g”, 0 € Hy(®).

Clearly, (5) has a unique solution @ € K which is characterized by

(Va,Vo)g =0, forall o € {6 € H)(Q): d|r, = 0,0|r, =0} (6)

Since the constrained variational problem (6) is defined in the fixed hold-all
domain €2 the original boundary conditions have to be interpreted in the sense
of internal traces. It is easy to see that u = 1|, solves (2). Let H~'/2(I'y) and



HY 2(T',) be spaces of Lagrange multipliers. Then the necessary optimality
conditions for (5) are given by:

Find (i, A, A\o) € H}(Q) x H-Y2(T,) x H~Y%(Ty) such that

(Va, Vo)g — (Ao, To0)ry — (A, 7001, =0, 9 € Hy(Q)
(1o, Tot)ry + by, T5U) T, = (M0, G)To> (b, o) € HV2(D,) x HV2(Ty),

(7)

where (-,-)r. and (-, )r, denote the duality pairings between H~'/*(I',) and
HY2(T,)), respectively H~Y/2(T) and HY/?(TIy) and g = ¢ on I'y. In addition,
700 = 0|p, and 7,0 = ?|r, are the traces of © on I'y and I, respectively. System
(7) has a unique solution (@, A,, Ag). It is readily seen that u = 4|, solves (2)
and |, = 0, where B, denotes the connected component of Q2 \ @ adjacent
to I',. As a consequence \, coincides with du/dv in H=Y2(T,), see e.g. [KP].
Hence, the shape optimization problem (1) may be equivalently formulated as

1
glelgip"y - L’i[flﬂ(rvy (8>

where ), is the second component of the solution of (7).

We now discuss the equivalence between the parametrization of the free bound-
ary by means of 7 € § and 27-periodic functions on [0, 27].

3.2 Periodic Sobolev spaces

Let L2_ denote the closure of the space of continuous 27-periodic functions
with respect to the norm in L?(0, 27). Following [K, Chapter 8] we define the
periodic Sobolev space

Hy” = {¢ € L2 |6lo1/a < o0},

where the norm | - [g1/2 is given in terms of the Fourier coefficients a, of ¢
with respect to {e™},,cz by

[e.9]

Bloaz=( S (1+m?)z|an])2 9)

m=—0o0

It is shown in [K] that for continuously differentiable 27-periodic functions ¢
this norm is equivalent to

2r 27 _ 2
|Pl1/2.2% = (|¢|igw +/0 /0 W dt ds)/?. (10)

n%ﬂ2



Furthermore, if the curve I' is parametrized by some v € S one can define the
space

Hy?(T) = {p € I’(T): por € Hy'}
which is endowed with the norm |¢[1/2, = |¢ © 7]1/2,2-. In addition there is
also the standard Sobolev space H'/?(I") the norm of which can be intrinsically
expressed as

2
pr) — ey
oly2 = (lelizm +/F/F | <‘:Z — y‘g ) dl, dT',)">. (11)

This is equivalent to

o = () leorl® Bl [ [ T2 B0l ) e
1)

where the notation | - |1/, refers to the particular parametrization of I' used
to represent the norm.

1/

Next we turn to the relation among the spaces Hy.*, H;/Q(F) and HY2(I).

Lemma 1 Let I'y be a plane curve parametrized by some v € S. Then the
spaces HY/(T',) and HY/*(T,) coincide as sets and are topologically equivalent.
Moreover, the equivalence is uniform with respect to v € S.

The proof of this lemma is given in the Appendix. As a consequence the iden-
tity i, : H'/2(T',) — H!/*(I;) is an isomorphism. The operator J,: H}/*(I';) —
H21,/r2 given by J,(¢) = ¢ o~ is an isometry. In fact, by the definition of the
space H)/?(I';) it is clear that J, is an embedding of H}/*(I,) into Hy.
Since for any x € Ha/? the function ¢ = x 07~! is an element of HY2(T,) we
find that 7, is surjective. Hence the spaces H217/r27 H;/2(F7) and HY/2(T,) are
homeomorphic.

Recall that 7,: H'(Q) — H'Y2(T',) denotes the trace operator onto I', and
define T,: H'(Q) — H,/* by

T, :=Jy01,0Ty,

i.e. T, maps traces on I', to periodic functions on [0, 27]. Then T., € L(H(2), Hzl,/f)
and in view of the preceeding discussion surjectivity of T, follows from the
surjectivity of 7,. Below we utilize the notation (-,-)2x, (), and (-, -)p to
indicate the duality pairings in Ha/?, H!/*(T,) and H'*(T,), respectively. For

A\, € H-YX(T,) and ¢ € H/*(T,) we obtain

<)‘77 90>F7 = <Z;*)‘77i790>p = <&777*Z;*/\'Y> j7i790>27r
= (M) TyiyP)ar = (Ay, 0 0 V)an,



where we have set
o —k s —3%
Ay = j,y iy Ay

In particular this implies
<)"7:T'Y7A}>Fw = (A, Tyin Ty 0)an = (Ay, T50)2r,

for all & € H'(Q). The norms of A, and ), are equivalent uniformly with
respect to v € §. Moreover, a functional induced by a constant L transforms
according to

2m
(L), = L [ F(®)le 0 vdt = (LIl 0 )an.

This discussion shows that the optimization problem (7), (8) may be replaced
by

) 1< )
min J(7) i= 513, = LHIP, (13)

VESL
where (i, Ay, Ao) € HE(Q) x Hy'? x HY/2(T,) satisfies

(Vi, Vida — (Mo, To0)rg — Ny, To)or = 0, 0 € HY(Q)

</'607 7-071>FO + <II:L7 T’Y@>27r = </“L07g>F07 (/7’7 MU) € H;TFI/Q X H71/2<F0)7
(14)

and §; C S will be specified later. The periodic Sobolev spaces were intro-
duced to be able to analyze the dependence on v € § of the boundary terms
in (7) which represent the free boundary I',. Boundary terms defined on I'y
can be discussed using the standard spaces.

4 Continuous dependence

The main contribution of the paper is the following theorem on continuous
dependence of the solution of (14) on v € S which implies existence of a
solution to the shape optimization problem (13).

Theorem 2 Assumey, — 7 in C1([0,27],R?), v,,, v € S and let (i, A, Aon) €
HYQ) x Hy'* x HY2(Ty) be the solution of (14) corresponding to .
Then lim,, o @, = 0 strongly in H}(Q), limy, oo A= A weakly in H;Wlﬂ,
limy, 0o Aon = Ao strongly in H=**(Ty) and (i, A, o) is the unique solution of
(14) corresponding to ~y. In addition, if v, — v in C*([0,27],R?), then (\,)

converges to A strongly in H2_ﬂ-1/2

Corollary 3 Then the functional J defined in (13) attains its minimum in
compact subsets of S.



To provide an example we mention that it can be shown that S, = {vy €
S: |5(t)—4(s)| < L|t—s|,t,s € [0,2x]} is compact in C?([0, 27, R?) for every
L > 0.

The proof of Theorem 2 is decomposed into a number of technical steps. At
first we establish a uniform bound for the operators 7.

Lemma 4 The family of trace operators {T,: v € S} is uniformly bounded
with respect to v in L(Hg (), H1/2).

PROOQOF. It can be shown that for each v € S there is a finite number of
local coordinate systems such that I'y, can be described locally by the graph
of a C?-function. In order to obtain a uniform bound on {T,} we analyze the
proof of the trace theorem ([K, Theorem 8.15]) with a slight modification to
take into account that I', is in the interior of €2. The basic step in this proof
is to establish a diffeomorphism between @ = (0,27) x (—1,1) and the cut
tubular neighborhood D., which is D,, defined in (4), cut at ¢ = 0:

D, ={~(t) + hnuv(t),n € (—1,1),t € (0,27)}. (15)
Define the map S,: Q — D, by
Sy(t,m) =) + hnw(t),  (t,n) € Q. (16)

For any x € ﬁy let p(x) denote the orthogonal projection of = onto I',,
p(z) minimizes

d(t) = |z — (1)
over t € [0,27]. The estimate

d(t) =219 — 2(z — v(t),5(t))
> 2(a” — |z — ()| [F()]) > 2(a® = hy)

shows that d(t) > o2 holds in {t € (0,27): |z — v(t)] < h} for h sufficiently
small (h may be chosen independently of x) which implies the uniqueness of
the projection p(x). Therefore, there is a unique t* € [0, 27) such that

x — (") = w(t"),
with

:{—|x—7(t*)| x€w,ND,
[z =) 2z € (Q\w,)ND,.

This shows that any € D, may be represented as

x =(t) + hnr(t)



with (¢,7) € @ uniquely defined. Hence S, is bijective. Since

det DS, (t,n) = —h\/47 + 45 + I*n(nvs — vivs)
one concludes that det DS, (t,n) # 0 on @ for h sufficiently small. Thus S,
defines a C'*-diffeomorphism of @ onto D.,.

Choose u € C'(D,) such that u vanishes on {y(t) + hu(t): t € (0,2m)}.
Arguing as in [K, pg.121] one obtains

1
|TWU|H1/2,QW = ’(uo S’Y)('7O)‘H1/2,27r < ﬁ|u © S’Y|H1(Q) < C|U’|H1(DW)7 (17>

where the constant C' depends on a bound for | det DSA,E(L(Q) which is uniform
in v € § (see (22)). Finally, the above estimate (17) can be extended to

arbitrary u € C'(€Q). Indeed, choose a function f € C'(R,R") satisfying
f(0)=1, f>0,on[0,00), f=0,on(—oco,—1]U]IL 00)

and define

9, (y) = {5 e

where 7y is the canonical projection of R? onto the second coordinate. By
continuity g, can be extended uniquely to an element of C'(2) denoted by
the same symbol. Note that g, depends on 7 because D, and S, do. By

construction ug, € C*(Q) satisfies
ug, =01in Q\ D,, ugy =uon Iy,
Applying (17) to ug, one obtains

|TWU|H1/2,27T = ‘T’Y(ug’Y)|H1/2,27r S C|ug’Y|Hl(Dv)
< Cllfloo + [ o) |ulmi(p,) < C(L+ 1 f' o)t ()-

This completes the proof of the lemma.

Next we show a basic extension result which is of interest for itself:

Lemma 5 There exists a continuous linear extension operator &£ : H217/FQ —
Hi(Q2) such that T,E,p = ¢ holds for all ¢ € Hy? and \E,| is uniformly
bounded for v € S.

PROOF. By Lemma 10 and the discussion preceding it there is an extension
operator £: Hy!> — HY(Q), Q = (0,27) x (—1,1), satisfying (£¢)(-,0) = ¢,

10



(Ep)(-,£1) = 0 and (£¢)(0,-) = (£p)(2m, ), see also Remark 11. Recall the
cut tubular neighborhood D., of Ty defined in (15) and the diffeomorphism
Sy: Q@ — D, introduced in (16). Let H)(Q) = {v € H'(Q): v(0,-) = v(27, )},
define D,: H)(Q) — H'(D,) by

Dyu:=wuo S,;l,
and set o
Evp =D Ey,

where ~indicates the extension by zero from D., to 2. Because of

T, = j,yOZWOT,YDgQO (@5) ~y
= (£0)(S7' (1) = (E9) (-, 0) = o,

&, satisfies the desired extension property. The uniform boundedness of &,
will follow from a uniform bound for D,. Consider

VDol = [ 1(Viguo S7)7(DS,)™ 0 5712 dady
= [ (V)" (DS,)7* | det(DS)] did

< [ Vet [(DS) i | det(DS,) | i,

where | - |r denotes the Frobenius norm. In view of

112 . 1 hVQ _hyl 2
[(DSy) ™ [ | det(DS,)] = Wl |7
| et( ’Y>| —’:}/2 — thQ ’:)/1 + h??Vl
1

= oy (B 1+ k)
[det(DS,)]

and
| det(DS,)| = h| = [4] + hn(iavs — 111)| (18)
. (1/
> h(|§] = hl]) = h(o— hli) = Zh

which by (S§2) holds for h sufficiently small independently of v € S. Using a
uniform bound for |¥| and || one obtains

‘me®7u’L2(Dw) < C’vtnu‘LQ(Q)

where the constant ¢ is independent of v € S. Since |D,u[z2(p,) can be esti-
mated similarly, the desired uniform bound for D, follows.

Remark 6 The construction of the extension operator £, shows that supp £, C

D

-

11



Lemma 4 and Lemma 5 entail uniform a priori bounds on the solution of (14).

Proposition 7 The set of solutions {(iy, Ay, \oy): 7 € S} of (14) is bounded
in HY(Q) x Hy,'* x H-V/2(Ty)

PROOF. Let ¢* € Hj(2) be such that 9* = ¢ on I'y and ¢* = 0 on T, for
every v € §. Such a function can be constructed independently of v € S by
(85). Then from (5) we derive the bound

[y | @) < 07|00,
for all v € S. Choose ¢ € H'Y?(Ty), extend ¢ to © € H'(Q) such that

supp ¢ C {z € Q: dist (z,Ty) < 4} and insert ¢ in the first equation of (14).
This results in

(Aovs )0 = (Aoys To0)Te = (Viiy, VO)a < [y 1) [0]m1(0) < Kldy |51 9)leli/2,m
which implies that
[ Aoy m-1/2(00) < Kly|mi(0) < K0 [m1(0),

where k denotes a suitable embedding constant. In view of Lemma 5, Remark 6
and (14) one obtains for ¢ € H21,/r2

|<5‘77§0>27r| = |<:\777'78790>27r| = |(V127,V5Wg0)9| < |57‘ |av|H1(Q) |90|1/2,27r

which implies the desired a priori bound for 5\7 using the bounds for . and

£,

The proof of the next two results is deferred to the Appendix.
Lemma 8 Let v, — v in C([0,27],R?), v,, v € S and let (i) be any se-
quence in H(Q) satisfying Tot, = g and 7., 4, = 0. If 4, converges weakly to

@ in Hy(Q) then 1ot = g and 7,4 = 0.

Lemma 9 Let v, — v in C'([0,27],R?), v,, v € S. Then T,, converges
strongly to T .

Now we are ready to enter the proof of Theorem 2.

Proof of Theorem 2 By Lemma 7 one can extract a subsequence (again
denoted by ((itn, A, Aon) )) converging weakly to (it, A, o) € HE () x Hy,''*

12



H=/2(T'y). In view of Lemma 8 the second equation in (14) is satisfied. For
fixed © € H}(€) one obtains using the first equation in (14)

lim (A, T, 8)2x = lim ((Vitn, VO)o = (Aon, To0)r )

n—oo n—o0

N R (19)
= (VU, V'U)Q — <)\0,7’0’U>p0.

Because of

<)\na ‘J'vn@)%r = <)\n7 (Iﬂ/n@ - (Iv@>27r + <)\na “Tw@>27r

Lemma 9 entails

Tim (A, T, 8)2x = (X, Ty8)ar,

which combined with (19) shows that (@, A, Ag) satisfies also the first equation
in (14). By uniqueness of the solution the original sequence converges weakly

to (a, A, Ag). In view of (14) we have
(20)

Inserting © = 4, in the former and v = @ in the latter and using the second
equation in (14) yields

|van|?2 - </\0nag>F0
‘V'&‘?Z = <)‘079>F0

which entails limy, .o [t |g1(0) = |@]g1(q)- Together with weak convergence
this implies strong convergence of 1, to u.

For any ¢ € HY2(I'g) let © € H() be such that 709 = ¢ and © vanishes
outside of a sufficiently small neighborhood of I'y. Insert v in (20) to obtain

’<)\OTL - )\07 @)Fo‘ = ’(v@ln - a), V'IA})Q|
<y, — | g1y |0| @) <kt — 0l g1 @) |€]1/2,00

which implies convergence of \g, to Ao in H~/ 2(Ty).

In order to obtain strong convergence of An tO A in H;Wl/ ® we assume Y —
~v in C2([0,27],R?). Observe that for every ¢ € H,/* the extensions Ern s

respectively &,¢ vanish in a neighborhood of I'g. Therefore, using (20) we

13



obtain for ¢ € H%Z

(An = A, @)or = <5‘n7 {‘T%Lg%%p)??r - <5‘a 7757‘)0)2%
= (Vfbn, Vé’%w)g — (Vﬂ, V&Ygo)g
= (V(i, — u), Vg”/nSO)Q + (V, V(g’Yn - 57)90)9-

Below we shall denote by C' a generic positive constant which does not depend
on v and y,. Lemma 5 entails the estimate

[(V(in — ), VE, @)a| < Clin — la @l elij2,2m (21)

By Remark 6 we obtain

(Vi V(E, — &)e) = /D Vil VE, odedy — /D V' VE,p dudy

- Vil V((Ep) o S71) dud —/ Vil V((Ep) o S71) dady,
[ TR 0 dudy ~ [ VT V((Eg) 0, ") dady

where S,: Q — D, is the diffeomorphism defined in (16) and &: H217{2 —
H'(Q) is the extension operator introduced in Lemma 5. A short calculation
shows

Vil V((Ep) o S0 dady = / Vi (DS,) o8, (VEg)oS, ! drdy

~(

- /Q ViloS, (DS,)"T(VER) | det DS, | dtdy

55(Q)

and analogously for v replaced by ~,. This results in

(Va, V(E, — &)p)a = /Q ViToS,, (DS.,) T(VEY) | det DS, | dtdy
_ /Q ViloS, (DS,) T (VER) | det DS, | dtdy
- /Q Vi'os,, (DS,,) " (VEp)(| det DS, | — |det DS, ) dtdn
+ /Q VoS, (DS, ) T(DS, — DS, )(DS,) " (VER) | det DS, | didy
+ /Q (ViTos,, — Vilos,)(DS,) " (VER) | det DS, | dtdn
= Iy + Iy + I

Using (S§2) and Lemma 5 one obtains the estimate

1| < |det DS n—detDSW|L00(Q)’|DS;1T|F’LOO(Q)/Q|VﬂToSn VE| didy

S C| det DS%L — det DSW|Loo(Q)|VﬂTO 7n|L2(Q)|90|1/2,27T'

14



Above we used the fact that ’|DS%T|F‘L00(Q)
of n which is shown in the proof of Lemma 5. By (18) one finds

can be bounded independently

1
Vialos,, |2dtdn)'/? <
([, IVii*oS,, [*didn) D5 s

6| () < Cl|g o), (22)
which implies
|Iln| S O| det DS«M — det DS’y|L°°(Q)|QO|1/2,27r' (23)

A similar argument leads to

|Lzn| < C||DS,, = DS e, . loly/2en (24)

In order to estimate I3, choose an arbitrary e > 0 and w € C§°(€2) such that
[t — W| 1) < €. By an easy argument one derives

VaT oS, —Vi' oS, |12 < Cle + [V 08, — Vi oS, |12(0))
which in turn results in
| I3| < Cle+ [V 08, — V' oS, |12g) [#]1/2,2r- (25)
Combining the estimates (23), (24) and (25) one eventually obtains
|(Vai, V(E,, = E)@)al < (c(m;7) + Ce)lpliyaom, (26)

where ¢(7,,~) vanishes as v, — v in C?%(]0, 27|, R?). Since € was chosen arbi-
trarily the claim follows from the estimates (21) and (26).

5 Appendix

Proof of Lemma 1 Actually we prove a stronger result. Let Cy' be the space

of restrictions to [0, 27| of the subspace of 27-periodic functions in C*!(R, R?)

and define
S={ve " W <[40 >,
|’7(t) - 7(8)‘ < ’}/2’16 - S’ for all t? s € [Oa 271—]7
~ satisfies (§3), (§4), (§5) and (S6)},

where a, 71 and 7, are given by (S§2). Note that S is compact in CL_ and
S C S (see the proof of Theorem 3).

15



Choose v € S. By definition € L2(T') is an element of H/*(T) if and only if

(t) —pory(s)

|sint52 |2

271' 271' |(p07
|90|1/2p |%007|1/227r |9007|L2 +/ / dtds < oo.

Using the parametrization v € S we have ¢ € H'Y2(T') if and only if

o e soov o). s
ol = [ toorP ilaee [ [T LR o (9 deds < o

Hence the equivalence follows from the assumptions on S which imply the

estimate
Mﬂm 0<ts<on

|sin 552

or equivalently

<P+ =96 g<prs <o (27)
| sin Z|

for positive constants m, M which are independent of v € S.

The proof of (27) utilizes the elementary inequality

2 sin

< <1, 0<z<m. (28)

7 = min(z, 7 — )
The estimate from above in (27) is an easy consequence of (28). Next we
establish the estimate from below in (27). There is 0 < ¢ < 7 which does
not depend on v € S such that for every s € I = [0, 2] at least one of the
inequalities
o
PGSR

holds for all £ € (s —d,s +0) N 1. This is a consequence of |¥(s)| > « for all
s € [0, 2x] and the uniform equicontinuity of 4. Next we partition the interval
I into

«

={sel: %) >—-forfe(s—ds+0)NI}
L=T1\1I.

W

We distinguish three cases: assume at first 0 < |7| < d and choose s € I.
The argument for s € I, is analogous. Using (28) and the properties of S one
obtains

(r |+> = O Zhr+8) =38 = o+ 9) = ()

2 [Tts «
= |- n(t)|dt] > —.
= rawlan =

16



By a limiting argument this inequality also holds for 7 = 0. The same in-
equality can be established if 2r — ¢ < |7] < 27 using the periodicity of ~. If
0 < |7| <271 — 6 the desired estimate follows from

RS (T4 5) = ()] < 27 (29)

for (|7],s) € [6,2m — 8] x I where 4, and & are independent of v € S. We
only prove the lower bound in (29). Assume on the contrary that there are
sequences (V,) C S, (|7ul, sn) € [0, 27 — ¢] x I such that

1
[V (7o 4 80) — Tn(sn)| < o n € N.

By compactness of S and [§,27 — 8] x I on can without loss of generality
assume lim, .o v, = v in C}_, lim, .o, 7, = 7 and lim,, o, s, = s with v € S,
(I7],s) € [0,2m — 6] x I. In view of

V(T4 8) = () S V(T +8) = (70 + su)| + 1770 + 80) — (7o + 80|
+ (70 4 sn) = (0| + [m(sa) = v(sn)[ + [y(sn) =2(s)] = 0
we arrive at y(7 +s) = 7y(s) which contradicts the fact that v defines a simple
closed curve. The equivalence of the norms | - |12, and | - |1/2 is now an easy
consequence of (27).

Proof of Proposition 7 The first statement is a consequence of the fact that
70 € L(H}(Q), HY/2(T'y)). For the proof of the second statement one defines

. IALn in wy, U Wy . i ianJJO

70 i\ (@, Ud) 0 inQ\ (0Ux),

where w, := w,,, w := w,. In the exterior Bernoulli problem wy is the inner
connected component surrounded by 'y, in the interior Bernoulli problem wy
is the domain bounded by Ty and 9. Since @, € H}(Q) for every n and
the sequence (@) is bounded in H}(Q2) one can extract a subsequence (i, )
which converges weakly in H}(Q), hence strongly in L?(Q) to some function
0 € HL(Q). Next we shall show that © = 0 in Q\ (@ U &p). Indeed, choose
x € Q\ (WU and let N(z) C 2\ (0 Uwy) be an arbitrary neighborhood
of . Then uniform convergence of ~, to v implies N(x) C Q\ (&, Udy) for
n sufficiently large which in turn entails @,, = 0 in N(z) for k sufficiently
large. Hence © = 0 in © \ (@0 U &p). By a similar reasoning one argues 0 = u
on w U wy. As a consequence we conclude v = @ in 2 which by uniqueness of

the limit implies lim,, ., @, = @ weakly in Hg(2). Now the statement follows
from 7,4 = 7,u = 0.

17



Proof of Lemma 9 Because of Lemma 4 we may restrict ourselves to v €

C>(Q) and estimate

T0 = Tz = [ (001(8)) — olon(0) dt

2 pon (v(2(8) = v((8) = (P(1(r) = v((r)))
+/0 /0 t—7

= ]ln + -[271'

By Lebesgue’s dominated convergence theorem one obtains lim,, .. 1, = O.
Define for (¢, 7) € [0,27] x [0, 27] the sequence of functions

ha(t, 7) == v(7(t)) — v(7(t)) — (v(¥(7)) = v(Vn(T)))
and observe that for all n € N

hn(t,t) = hy(0,27) = h,,(27,0) = 0,
h, € CH([0,27]), |huler <€

is satisfied for some ¢ > 0. Furthermore, let

hn(t, 7)
sin 577

Son(ta T) =

where (t,7) € U = [0,27]*\ ({t = 7: 7 € [0,27]} U {(0,2m)} U {(27,0)}).
Note that lim,, . ¢, (t,7) = 0 holds for every (t,7) € U. Next we derive an
integrable bound for 2. For this purpose we introduce for some sufficiently
small § > 0

Vs = ({(t,7) € 0,2a]%: |t — 7| < 6} U B((0,27),6) U B((27,0),6)) N U.

Then ¢, is bounded on U \ V; uniformly with respect to n. For (¢,7) € V;
with |t — 7| < 0 the mean value theorem implies

o (8, )| = [ (8, 7) = B (&, 8)] < [ |7 — 2
and consequently

T—1

on(t, )] < [hnlc | | < 2¢

t—1

; _ 152"
sin 5 1 24(5

It remains to estimate ¢, in (B((0,27),d) U B((27,0),40)) N U. By symmetry
it suffices to provide a bound in B((27,0) N U. An argument similar to the

preceding one leads to

|h (8, 7)| = |Bn(t,T) = (27, 0)] < |Bn|cn ((t — 27)2 + 7%)1/2

18



for all (t,7) € B((2m,0) N U which in turn entails the bound

(t—2m)2+7)Y2  (t—27)?+7)22r —t 47T

n t? < hn . — < . —
‘90 ( T)’—’ ‘Cl |SlHtTT’ oI —t+1 Sln27r2t+7—
2r—t+T 2¢
< i 2m—t4T  — _1g2°
sin = 1— 50

Since

27t
Iy, = / / 2 (t, 7) dtdr
o Jo

we obtain lim,, ., I5, = 0 applying the dominated convergence theorem again.
This completes the proof of the lemma.

For the sake of completeness we indicate in the following Lemma the construc-
tion of the periodic extension operator £ referred to in Lemma 5. We utilize
the space of 2-periodic functions H21/ ? which is defined as H%T/FQ with [0, 27]

replaced by [—1, 1]. Endowing HQI/ ? with the equivalent norm

1
|ol1/2.2 = (7T r) dr + 7° le®) — () dtds)'/?
/2,

1 |sinZ(t —s)|? sin § s)|?

the spaces H21/ ? and Hgl,/rz are isometric.

Lemma 10 Let R = (—1,1)?, I = (—1,1) . Then there exists a continuous
linear extension operator & from Hy'* into H'(R) such that Eu(-,0) = u.

PROOF. Choose uin C*(I)N Hy'* and set u = 0 on R\ (—4,4). The proof
is a modification of Lemma 6.9.1 in [KJF] to account for the periodicity of .
For all (z,y) € RT, R = {(x,y) € R: y > 0} define

1 I
€)= [ el 2)ul€)de

where o € C§°(R) is a mollifying function satisfying ¢y > 0 on R, [ ¢o(x) dz =
1 and supp ¢ = [—1, 1]. Then by [KJF, Theorem 2.5.3] we infer Eu € C*(R™)
and

gljli}’(l) fgu(,y) — u|L2(I) =0.
In view of
1

(Eu)(1,y) = /_11 wo(z)u(l —yz)dz = /1 wo(z)u(—1—yz)dz = (Eu)(—1,y)
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(Eu)(-,y) is 2-periodic for all 0 < y < 1. Next we estimate |Eu|p2(g+). Using
Holder’s inequality and Fubini’s theorem one finds

Eultaen = [ [ 1/1 po(2)ulx — yz) de|? dedy
<// / wo(z x—yz)dzd:z:dy—// wo(z / (x — yz) de dzdy
[ et [ e deazay< [ [ o) [ a6 dededy = 2lulng,

In the last step we used the periodicity of u. Next we turn to the estimate of
|8z5u|%2(R+). Because of ¢o(—1) = (1) = 0 we get

o.cule) = [ S d w) e R,

This relation is also valid if one replaces u by ¢ =1 on (—2,2). Then £ =1
on R*, hence 9,£¢ = 0 on Rt which implies

1 /fﬁﬂl ,,r—E 1M,
— dé¢ = 7/ z)dz =0
2 ey ‘Po( Y ) dg§ " _1800( )

on RT. As a consequence we obtain

o.cutes) = [ A= ugae -1 [ i

_/ PR LR

and hence
|0:Eul72 gy = / / \/ yz) ux )dz]2d:vdy

S T R s o
T

The domain of integration in the last integral is given by

D={(z,y,§):]z] <1,0<y < 1,|§ —z| <y}

For fixed = € I consider the section D, = {(y,€): (x,y,&) € D}, hence



Observe that D, can be written as

D,={(y,8):z<é<z+1,0<f—ax<y<l1}
U{(y,):z—1<¢<z,0<ax—-E<y<l1}.
Therefore Fubini’s theorem yields

; 1
g llsing (€~ o) [ v dyldgar

| 2

u\x

9 gu‘LQ B <Cl/ /m 1 |sm f x))

+c/ /IH \’f:m éu(z)) ]sm (€ —))? 1 y~? dyldéda.

793

e

Note that

Y

T 2 (1 3 1
sin—(& —x dy < —
sing(e ) [ vy <

which implies

9 SU|L2(R+ = 7/ /a; 1 |sm (& — Z))||2 a6 + ./Hl |‘;Lm ))||2 de] de
/ /2 |‘.1:m fs ’|22 ddz
/ / / |sm —x |2 dﬁdx

By the periodicity of u we have for example

[ e - oo [ D ul

|sing (§+2—x|2 2 [sinG({+2—x)?

! u(€) — u(z)]?
o [sinf(§ —x)|? a

which leads to the estimate

261

|81,5u|%2(R+) |u|2 1/2-

Finally we consider the estimate of |0,Eul2, (r+)- Note that

r—¢ O e
Shulde— 5 [ e )

1 =ty
) =~ [ ol
Yy Jx—y

From 0,€¢ = 0 on R we infer

B[

z+y/$_f .’B—f
d§ = 0.
I Er SRS
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Hence

1 ety x—¢
5y5U<$>y)=—E ey ©o( Y
1 [zty ,(:17—§ r—£
- 2
oy y

~—
—~
=
—~
m
~—
|
<
—~
8
~—
~—
IS
A

y? Jo—y
_ /11 goo(z)u(a: —zy) — u(x) ds — /11 %(z)zu(x —zy) — u(z) J

) )

and consequently

,Eute ) <2 [ (@) + e az [ T ZUOR

1 y2
1 _ _ 2
< /_1 fulz ZZZ u@)] dz

which leads to

bt |u(§) — u(z)|”
il <en [ [ [ MOTHOR iy,
O <2 ) feaey o éy
Continuing as in the estimate of 0,&u together with a density argument com-
pletes the proof that £ extends continuously into R*. Finally we define Eu by

reflexion on y = 0.

Remark 11 Multiplying Ep by a function x € C*°(R) such that x(-,0) =1,
X > 0 and x(-,£1) = 0 one obtains an extension of ¢ which vanishes for
y=*+1.
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