CONSTRAINED DIRICHLET BOUNDARY CONTROL IN 72
FOR A CLASS OF EVOLUTION EQUATIONS

K. KUNISCH' AND B. VEXLERf

Abstract. Optimal Dirichlet boundary control based on the very weak solution of a parabolic
state equation is analysed. This approach allows to consider the boundary controls in L2 which
has advantages over approaches which consider control in Sobolev involving (fractional) derivatives.
Point-wise constraints on the boundary are incorporated by the primal-dual active set strategy. Its
global and local super-linear convergence are shown. A discretization based on space-time finite
elements is proposed and numerical examples are included.
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1. Introduction. In this work we focus on the Dirichlet boundary optimal con-
trol problem with point-wise constraints on the boundary, formally given by

min J(y, u)

subject to

Oy —kAy+b-Vy=f in Q (1.1)
y=u, u<P on X

y(0)=yo inQ,

where Q = (0, T]xQ, ¥ = (0,T]x9Q and k, b, f,yo,% and T > 0 are fixed. We propose
and analyze a function space formulation which is amenable for efficient numerical
realizations. To incorporate the constraints numerically the primal-dual active set
strategy is used and its convergence is investigated. We also propose a space-time
Galerkin approximation and provide numerical examples.

The specific difficulties involved in Dirichlet control problems result from the fact
that they are not of variational type. In the literature several treatments of Dirichlet
boundary control problems can be found, where the function space for the controls
is H® with s > % As a consequence, the numerical realization by finite elements or
finite differences is more involved than if the control space was L2. Our approach will
be based on the concept of very weak solutions to the state equation. This allows the
use of L? as control space.

Let us briefly describe possible approaches to treat Dirichlet boundary optimal
control problems. While in our work we shall treat the time dependent case, it will be
convenient for the present purpose to restrict our attention to a tracking type optimal
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control problem with the most simple stationary elliptic equation as constraint:

min gy — 2[72(q) + § [ul72(o0)

over (y,u) € L?(Q) x L?(95)

subject to (1.2)
—(y, Av) 20y = —(u, %U)l;(aﬂ) for all v € H?(Q) N H(Q)

and u < on 09,

where 2z € L?(Q) and 99 denotes the boundary of the domain Q. The variational
equation in (1.2) is the very weak form of

—Ay=0in Q
y = u on 0,

see [31]. In our work we shall use the analogue of (1.2). If the state variable y is
considered in H*(§2) then a proper formulation is given by

2

H? (09)

over (y,u) € H* () x Hz (%)

subject to (1.3)
(Vy, Vv)2(q) = 0 for all v € Hj(Q), and y = u on 6Q

and u < on 0.

min 1|y — Z|%2(Q) + g [u|

For both formulations (1.2) and (1.3) it is classical to argue existence of a unique
solution, see e.g. [31]. Numerically the H'/2-norm in (1.3) is more involved to realize
than the L?-norm in (1.2). To avoid difficulties with implementing the H'/2-norm it
was replaced in several publications by the H'-norm. As a consequence the Laplace
Beltrami operator appears in the optimality condition. This formulation, properly
modified for the specific application and without control constraints, was used in the
context of optimal boundary control of the Navier Stokes equations and the Boussi-
nesq equations, for example, see, e.g. [22] and [30]. For a numerical wavelet based
realization of H®-norms in the context of Dirichlet control of elliptic equations we
refer to [28].
A third alternative is given by

min 5]y — 2[5 ) + 5 [ul72 (00

over (y,u) € H'(Q) x HY/2(9Q)

subject to (1.4)
(Vy,Vu) @ =0for all v € Hj(Q2) and y = u on 9N

and u <4 on Of).

Again existence can be argued by standard arguments, but for (1.4), differently from
(1.2) and (1.3), the essential term for obtaining coercivity is the H'-norm of the
tracking functional. Just like (1.2) this formulation also avoids having to deal with
fractional order Sobolev spaces. It was used in the context of boundary control of
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the stationary Navier Stokes equations in [14], for example. In the adjoint equation,
however, a Laplacian now appears in the source term acting on the defect y — z.

Besides the difficulties already mentioned with (1.3) and (1.4) there is yet an-
other, possibly more essential reason, to favor the formulation in (1.2). For (1.2) the
Lagrange multiplier associated to the constraint u < i is an L2-function, whereas
it is only a measure for the formulations in (1.3) and (1.4). As a consequence the
complementarity conditions related to the inequality constraint can be expressed in a
pointwise a.e. manner by the common point-wise complementarity functions like the
max or the Fischer-Burmeister functions only for formulation (1.2). Such a pointwise
formulation is a basis for efficient optimization algorithms as primal dual active set
strategy or semi-smooth Newton method.

Let us also recall the possibility of approximating Dirichlet boundary control
problems by regularization based on Robin boundary controls of the form 52—% +y=u
for § — 07. This results in the variational formulation:

min 3|y — 2|72, + g |ul?2(50)

over (y,u) € HY(Q) x L%(0%)

subject to (1.5)
(Vy, Vu)r20) = 3 (y — u,v) 12(90) for all v € H(Q)

and u < on 0.

The choice of § remains a delicate matter. This approach was used for stationary
and instationary problems in [6] and [2] respectively. In [3] a numerical approach to
Dirichlet boundary control based on a discretization using the Nitsche method was
proposed.

We next point at some additional features of this paper. As already mentioned,
the pointwise inequality constraint u < ¢ will be treated by the primal-dual active set
algorithm. Its global, as well as local super-linear convergence will be analysed. Here
it is essential that the Lagrange multiplier is an L? function and that the resulting
complementarity condition involving the max-operation is Newton differentiable. This
is the case for (1.2), whereas this is not true for the other two formulations. Newton
differentiability will be shown for (1.2) for time dependent problems in the present
paper. For stationary problems it easily follows as well.

Discretization of the infinite dimensional problems will be carried out by a space-
time finite element method. This approach guarantees that the algorithm is invariant
with respect the ordering of discretization of the problem and gradient computations.

In spite of the fact that we use the very week solution concept as our functional
analytic setting for Dirichlet boundary control, the numerical discretization is based
on standard space-time Galerkin finite dimensional spaces. This will be justified by
the fact that the solution of the optimal control problems are more regular than
required by (1.2).

In our numerical implementation we use piecewise (bi-) linear elements for spatial
discretization of the primal and adjoint states as well as for the controls. This may
appear to be incompatible at first, since the optimality condition involves % and v in
an additive manner, where p denotes the adjoint state. However, we replace g—g by a
variational expression in such a way that the resulting discretization is well balanced.

In Section 2 we gather well-posedness results and a-priori estimates for a class of
evolution equations with Dirichlet boundary conditions in L2. We include a convection
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term, due to future interest of considering similar problems for the Boussinesq systems,
with specific nonconvex cost functionals, motivated by fluid mechanics considerations.
In this case the convection coefficient is the velocity field of the fluid. Section 3
is devoted to the statements and analysis of the optimal control problems under
consideration. In particular, we describe regularity properties of the optimal solutions.
These are not only of interest in their own right, but are essential for super-linear
convergence of the primal-dual active set strategy, as explained in Section 4. Section
5 contains a description of the finite element discretization and the final Section 6 is
devoted to selected numerical examples.

2. On the state equation. In this section we provide the necessary existence
and a-priori estimates for very weak solutions to

Oy —kAy+b-Vy=f in Q
y=u on % (2.1)
y(0) =yo inQ

where Q = (0,T]x, ¥ =(0,T]x0Q and Q abounded domain in R, n > 2 with
C? boundary 0. This boundary regularity of () guarantees that the Laplacian with
homogenous Dirichlet boundary conditions, denoted by Ag, is an isomorphism form
H2(Q)NH () to L*(Q). We shall denote the adjoint of Ag , mapping from L?()
to H72(Q) = (H*(2) N H}(Q))* by Ag as well. Further x>0, yo € H-Y(Q), f €
L2(H72(Q)), u € L*(%) and b € L>(Q), divb € L=(L*(Q)) where # = max(n,3),
and L*(Q) = @, L=(Q). At times we shall simply write LP(Q) for L?(Q).
For any Banach space Y, we use the abbreviations L?(Y) = L?(0,T;Y),H*(Y) =
H*(0,T;Y),s €[0,00), and C(Y) = C([0,T}];Y).
The very weak form of (2.1) that we shall utilize, is given by

(Ory(t), v) = K(y(t), Av) — (y(t), div (b(t)) v) — (y(1), b(t) Vo)
= (f(t),v) — K(u(t), Zv)aq for all v € H*(Q) N HF(Q)
)

(2.2)
and a.e. t € (0,7),

y(0) = o,

where (-,-) = (-, )g—2(Q),m2(@)nmi(Q) denotes the canonical duality pairing, (-, -) and
(-,-)aq stand for the inner products in L*(Q) and L?(99) respectively.

THEOREM 2.1. For every k > 0, b € L°°(Q), with divb € L>(L"(12)),
yo € H1(Q),f € LA(H %(Q)) and u € L*(X), there exists a unique very weak
solution y € L2(Q) N H*(H=2(Q)) N C(H1(2)) satisfying

[YlL2 ) (H-2@)ncE-1(@) < Clvola-1) + [ fle2m—2) + lulr2s)),  (2.3)

where C' depends continuously on k > 0, |b|pe(q) and |div b] o (pn(q)), and is inde-
pendent of f € L2(H=2(Q)), u € L*(X) and yo € H ().

Proof. Let us first assume existence of y with the claimed regularity and verify
the a-priori estimate (2.3). Throughout &k will denote a generic embedding constant.
Let us introduce the transformed state-variable §(t) = y(t)e~ ', ¢ > 0 and note that
if y is a very weak solution of (2.1), then § € L?*(Q) N HY(H~%(Q)) is a very weak
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solution of

O +ci— kA +b-Vi=f
y=1u on X
Q(O)Zyo inQ

)

in Q

where f = fe™, 4 = ue™°". The constant ¢ will be fixed below. We further introduce
w=(=Ag)"tg e L2(H?(Q) N H () N HY(L?*()), and note that w satisfies for
all v € H2(Q) N H ()

((=Ap) Opw(t), v) + K(Agw(t), Av) + c(—Agqw(t), v)
(Bo(t), divb(e) ) + (Bow(t), VD) = (1), v) — K(a(t), - v)on,

for all ¢t € (0,T). Setting v = w(t) and integrating over (0,t) we find

t t
1 1
ST = 5 IVelOF + 5 [ 180 w(s)ds e [ 9w(s)Pds
0 0

t t

+ /(AO w(s), divd(s)w(s))ds + /(AO w(s), b(s)Vw(s)) ds

0

/ ))ds — /{/t(ﬁ(s), %w(s))ag )
0

0
and consequently

¢ ¢
%|Vu}(t)|2 ds+/<;/ |A0w(5)\2ds+c/|Vw(s)|2ds
0 0

t t
VW) + /|Aow< P ds + 22 v bf3 e Q)/m( )2 ds

0

<

DN | =

t

K
+ —

t
2/blL 2k”
8/|A0w(s)\2++@/|Vw(s)|2ds+ /|f Wars+ % /|A0w| ds
0
+2K) /|U |L2(8Q)d8+ /|A0w )|2d3

t
1 4k 2k . 2|b|Loc(Q)
S §|VW(0 2+§/|A0W(S)‘2d8+(;|leb|%oo(Lﬁ(Q))+T)/‘vw<8)|2d8
0

2k2
|f |H 2(Q) d8+21€ "LL ‘Lz (692) ds.
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If we choose ¢ such that

2k . 2 ‘ble(Q c

l\D

then

t t
1 k
5|Vw(t)|2—|—§/|A0w(s)\2ds+g/\Vu)(s)Pds
0

2 2%
0

IA
| =

From (2.5) we deduce the existence of a constant C' with the specified properties
such that for all ¢ € [0, 7T

t

5010+ [ 1906) ey ds < Clanlar-scor + flzagr-2con + o).
0
and, since §(t) = y(t)e~“* we find for a possibly modified C,
ly(®)|-1(0) +/ y(s)|72(yds < Cllyola-1(0) + 1 flL2r—2@) + [uleem) . (2.6)

Finally using (2.2) we obtain

T T
/|3ty(t)|§{72(9) dt = / sup (Opy(t),v)? dt
s vEH2(Q)NH(Q),

[Agv|<1

T T
< [lOP dt+ [ (o). divbo)tage,
0 0

b / ()2 dt+ 22y + K 0225, -
0

For the second term on the right hand side we estimate for n > 4
T T
J o) divboliagdt < [ OR 0 divbE o o o d
0 0

T
< /f/ [y () [72(q) [div bl s o dt
0

where ¢ = -2, p =2, and we used that H?(Q) — L%(Q) and n > 2p = . The
same estimate for dimensions n = 2, 3,4 follow quite easily.
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We obtain

T T

/|aty|§{_2m) dt < (H2+k|diVb|Loo(Lﬁ(Q))+|b|Loo(Q))/|y(t)|2dt+|f|%2(H_z(Q))+k\u|2Lz(E).
0 0

Together with (2.6) this gives the desired estimate (2.3), which, in particular also
implies the uniqueness of the very weak solution to (2.1). Existence follows, for
example, by combining this a-priori estimate with a Galerkin procedure, see e.g. [13],
Chapter 18. Alternatively analytic semigroup-theory as in [29] can be used, noting
that —kA — b -V + ¢l generates an analytic semigroup in L?(2). O

From the proof it follows that the solution y to (2.2) also satisfies the variational
equation in Q) given by

/ ((Quy(t), v(t)) — Ky (t), Av(t)) — (y(t), div(b(t))v(t) ) — (y(t),b(t) V(1)) dt
0

— /(f(t),v(t))dt - n/(u(t), %v(t))mg) dt, for all v € L2(H2(Q) N HL(Q)).
' ’ (2.7)

The following result will allow to consider cost-functionals with pointwise in time
evaluation of the trajectory.

COROLLARY 2.2. If, in addition to the assumptions of Theorem 2.1, yy €
L3(Q), f € L*(Q) and u € L>(L*(09)), then the very weak solution satisfies y €
L>(L%(Q)) and y(t) is a well defined element in L*(Q) for every fived t € (0,T).
Moreover, there exists a constant C' independent of yo, f and u, such that for the
corresponding solution y = y(u) we have

ly(®)lz2) < Clyolr2) + [ flz2@) + [ulpe(z2(a0)))- (2.8)

Proof. Fix k > 0 and b € L°°(Q) with divb € L*(L"(Q2)). Without loss of
generality we can assume that A = —xkA — b - V is uniformly elliptic. If not, we
add a multiple c of the identity operator and accordingly multiply the constant C by
the factor e“T. Then A generates an analytic semigroup in L?(f2). For the equation
with v = 0 estimate (2.8) follows by standard semigroup arguments. Using the
superposition principle for (2.1) it therefore suffices to consider the case yo = 0, f =0,
and u € L>®(L?(99)). From [29], see also [2], we have the existence of C' > 0 such
that

|y|Loc(L2(Q)) < C‘U|L°°(L2(89)) . (29)

From Theorem 2.1 we deduce y € C(H~1(Q)) and therefore

0
y(t) = lim 1/y(tf—i- T)dr, (2.10)
e—0 ¢
—e
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where the integral and the equality are interpreted in H~!(Q2). By (2.9) the right
hand side of (2.10) is also welldefined in L*(Q) and

0
. 1 _
ly(®)| L2 ) = |511_r% z /y(t+7)dT|L2(Q) < Clulpe(12(69)) -
—€&

The desired conclusion follows. O

3. The optimal control problems and regularity of optimal controls.
We consider the following two optimal control problems:

min J(y,u) = G(y) + § |ulF 25y
(P1) over (y,u) € L?(Q) x L*(X)
subject to (2.1) and u <1 on X,

where 3 > 0, ¢ € L3(X) and G : L?(Q) — R is bounded below, C! and weakly lower
semicontinuous. The second problem under consideration is

min J(y, u) = G (y(T)) + £ [uf3 5,
(P2) over (y,u) € L*(Q) x L%, (¥)
subject to (2.1), ¢ <u<yon %,

where 3 > 0, ¢, € L®(%), p(z) < ¢(z) a.e. on X, and G : L*(Q) — R is bounded
below, weakly lower semicontinuous and C'. Here

L7 (X)) ={ue L*(2) ru(t,z) =0, forte (Ty,T)},

with 77 € [0,T]. For (P2) we require that ¢ <0 <1 a.e. on (T1,T). In Section 3.2
we shall require that 77 < T'. The practical interpretation of setting u = 0 in a neigh-
borhood of T is that the controller and the observer are not acting simultaneously.
We refer to (y,u) as a solution of (2.1) if that equation is satisfied in the very weak
sense (2.2). Throughout this section the regularity assumptions of Theorem 2.1 for b
are supposed to hold, and

feL*Q), woel?*Q).

Then we have the following result.

PROPOSITION 3.1. There exist solutions (y*,u*) = (y(u*),u*) to (P1) as well as
(P2), which are unique if G is conver.

This follows from weak sequential limit arguments, see e.g. [31], utilizing Theorem
2.1, respectively Corollary 2.2. — For (P1) a lower bound ¢ < u can be added and
treated as we do for (P2). In (P2) the simultaneous use of upper and lower bound for
the control is essential to guarantee the L>°(L?(9f2)) bound for the controls which is
required by Corollary 2.2.

3.1. Problem (P1). To argue the existence of Lagrange multipliers for the
inequalities in (2.1), we introduce

e=(e1,e0) s (LA(Q)NH'(H™?)) x L*(X) — L*(H™*(Q)) x H~1(Q),
g: L*(2) — L*(3),
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by
T
. 0
<€1(ya u)7v> = /( <6ty - f7v> - (y div b?”) - ‘%(yr AU) - (y’ b- VU) + H(ua %U)GQ ) dt;
0
ea(y,u) = y(0) — o,
g(u) =u—1h,

for arbitrary v € L*(H?(Q) N H}()). Recall that L?(Q) N H'(H %) c C(H~1(Q2)),
so that ey is well defined. The linearizations e’ of e and ¢’ of g are obtained from e and
g by deleting the affine terms yg, f and v respectively. We introduce the Lagrangian

L(y,u,p,po, \) = G(y) + gIUIiQ@) + (P, o), e(y, u)) + (A, g(u)).

From Theorem 2.1 it follows that (¢/,¢’) is surjective and hence there exists a La-
grange multiplier (p,po,A) € L?(H?(Q) N HE()) x HE(Q) x L*(X) associated to
the constraints (e, g), see e.g. [34]. It follows that the optimality system satisfied
by an optimal pair (y*,u*) is obtained by setting Vy v ppo £(¥, u, p,po, A) = 0, and
A >0, g(u) <0, Ag(u) = 0. Consequently the optimality system for (P1) is given by

Oy —kAy+b-Vy = finQ,
y=uon X, y(0)=yp in Q,

—0ip — kAp —divbp —b-Vp=—-G'(y) in Q,
p=0on X, p(T)=0 in Q, (3.1)

n%—i-ﬁu—&—)\zo on X,

A =max(0, A + ¢(u — 1)) on X,

for any ¢ > 0. Moreover, p(0) = po. Note that the last equation in (3.1) is equivalent
to A >0, u <1 and A(u — ) = 0. The equations in the last two lines of (3.1) are
equivalent to

u = min(t, —E@).

6 on

The equations in the first two lines of (3.1) are understood in the sense of very weak
solutions. The time-derivative in J;p must first be interpreted in variational form, but
from the third equation in (3.1) it immediately follows that p € L2(H?(Q) N H(Q))N
HY(L*(Q)). This is consistent with the regularity results for parabolic equations, since
G'(y) € L*(Q), see e.g. [36], pg. 342. If G is convex, then (3.1) is a necessary and
sufficient optimal condition for (P1).

We now turn to regularity properties of the optimal solution on ¥. This result
is essential for superlinear convergence of the primal dual active set method, see
Section 4. Henceforth let (y, u, p, A) denote a solution to (3.1). The active and inactive
sets at a solution are denoted by

A={zeX ulz)=v}, IT={zeX :ulx)<y}.
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THEOREM 3.2. On the inactive set T we have for the optimal solution u|Z €
L (T) with

(3.2)

2ntl) - ifp >3
M= \3-¢, ifn=2.

On the active set the reqularity of u is determined by 1. Moreover,

%EL‘Z"(Z) and ng
n

on < Clpllezm2@)ynm (L2 @)

Lan ()

with an embedding constant C'.
Proof. As already noted, p € L?(H?(2)) N H'(L?(Q2)). This implies that

g% € L2(H*(0Q)) N Hi (LX(69)),

see [20], or [36], chapter II and page 342. Since Hi (L2(99)) — L*(L2(8Q)), sce [1],
we find
9p

5 € L2(H?=(89)) N LY(L?(09)), (3.3)

and hence interpolation [40], chapter 1, implies that

Ip ps([H3 2 1_1-s s
n € LP([H=2(09Q), L*(09)]s), where PR + 1

For n > 3 we use the fact that for H2 (9) — L%((’)Q), and obtain

1 1 (1-s)(n—2) s

H2(0Q),L*(09)]s — L% (09), where — = ———~—"> 4 —.

[ 2( )7 ( )] — ( )7W ere qs 27?/72 +2
Next we choose s such that p; = ¢, i.e.

8 2n—-2
P s T hys—2 I

This implies that s = %H and hence g5 = w Consequently for n > 3 we obtain
ap 2(n+1)
el (%)

For n = 2 we have that Hz(dQ) — L7(8Q) for all r < co. Using similar
arguments as before, we deduce that g—z € L3 w1 ().

From (3.1) we have that g—ﬁ = —fBuon Z and the asserted regularity of u follows.
The desired estimate for % Lo () holds due to the continuity of all embeddings

involved. O

Our next objective is to show that for the optimal solution u the corresponding
very weak solution y to the state equation is in fact a variational solution in the sense
that y € L2(HY(Q)) N HY(H~Y(Q)), y = u a.e. on X, and

/8tyv dxdt = /(—/{Vy Vo —b-Vyv+ fv)dzdt
Q Q
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for all v € L2(H?(Q)N HZ(2)). This is important for numerical realizations which are
conveniently based on this formulation. We shall require the following lemma, which
uses the notion of uniform 1-smooth regularity property of the boundary, for which
we refer to [1].

LEMMA 3.3. Let D be a domain in R™, having the uniform 1-smooth regularity
property and a bounded boundary, and s € [0, 1].

(a) If v e H?(D), then max(0,v) € H*(D) and

| max(0,v)|g=(p)y < |v|m=(D)
(b) If v € H*(0,T; L?(D)), then max(0,v) € H*(0,T; L*(D)) and

| max(0, v)

H:(0,1:2(D)) < |V|ms(0.1:L2(D)) -

Proof. (a) For s = 0 the claim is trivial and for s = 1 it is well known, see [40].
Thus let us consider the case 0 < s < 1. Under the stated regularity properties for
0D, the interpolation norm on H*®(D) is equivalent to the intrinsic H*(D)—norm on
D given by

lv(x
|'U‘L2 (D) +// y‘7l+26 d dy7 (34)

see [1]. Let S; € D x D be given by

S1={(z,y) :v(z) 20, v(y) > 0}, Sz = {(z,y) : v(z) =0, v(y) <0}
Sz = {(z,y) : v(z) <0, v(y) >0}, Sq={(z,y) : v(x) <0, v(y) <0}

Then with v = max (0, v)

(o)~ vt ) lo(z) ~ o)
// s [ [ BB

s1UsaUs3 s1UsaUss
_ 2
[ [l
EEr

and (a) follows. Turning to (b), from [27] Theorem 1.7 it is known that for s € (0,1)
up to equivalence of norms we have

—t
1= 25 o(T) —v(t +T)|L2 det

O\’ﬂ

T
[0l3re (2(py) = |0[72(22(py) + 2/
0

Setting t + 7 = r the last term can equivalently be expressed as

T T
// |s — 7| 71725 [u(1) — v(r)|? drdr,
0 7

and using the symmetry of this expression with respect to s and 7 we find

lv(T) — v(r |L2(D
013 (22(py) = [0172(22(Dy) // ERNIESE drdr,
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which is analogous to (3.4). The integral term can be expressed as

A )2

v T.’,E
/// |T—r|1+25 dx dr dr,
0 0

and hence the proof can be completed as in (a). O

THEOREM 3.4. Let (y,u) denote a solution to (Pl) and assume that ) €
L2(H=(0Q)) N Hi(L2(0Q)). Then y is a variational solution of the state equation
with

we LA(H?(0Q) N Hi(L2(09)) and y € L*(H'(Q)) N H*(L*(Q)) N H' (H ().

IJ}‘;, moreover, G'(y) € L2(HY(Q)) N Hz (L%(Q)) and ¢ € L2(H*(09)) N Hz (L2(0%)),
then

we LA(HY(09)) N H? (L*(09)) and y € L*(H? () T (LA(Q)),
for every € > 0. In addition u=0 on TN ({T} x 09Q).
Proof. From the proof of Theorem 3.2 we have that
0
87’ € L3(H?(0Q)) N Hi (L2(99)).
From (3.1) with 8 = ¢ we deduce that u = min(0, —%g—ﬁ —1))+1) and hence Lemma 3.3
implies that u € L2(Hz(9Q)) N Hi(L2(89)). By regularity results for parabolic
equations based on interpolation theory, see [32], Vol II, pg. 78 (with s = —%) we

obtain that y € L2(H(Q)) N Hz (L*(Q)). Therefore

/8tyv dzxdt = /(—mVy Vv —b-Vyv+ fv)dzdt
Q

for all v € L2(H?() N H}(2)). Since the right hand side can uniquely be extended
to a continuous functional on L2(H}(Q)), it follows that 9,y € L2(H~1(Q2)) . From
(2.7) moreover y = u in L2(H = (d9)). We conclude that y is a variational solution to
(2.2).

If ' (y) € L2(H*(Q)) N Hz(L2(R)), then p € L2(H3(Q)) N H2 (L2()), see [32],
Vol 11, pg. 32, (with k = 1). It follows that 22 € L2(H?2(dQ)) N H1(L*(99Q)), see
e.g. [19], pg. 9. Due to the regularity assumption on ¢ and Lemma 3.3 we find that
w e L2(HY(0Q)) N Hz (L2(8R)). This implies that y € L2(H2~¢(Q))NH 312 (L*(Q)),
for every € > 0, see [32], Vol II, pg. 78, (With s = —% — 5). Regularity of p implies
that p(T) € H?>¢(Q2) and hence —Z(T) € H2=<(8Q). Since p(T) = 0 on Q we find
that g—Z(T) = 0 on 99Q. Hence from the fifth equation in (3.1) we deduce that v = 0
onZN({T} x 0Q). O

REMARK 3.1. For G(y) = 3|y — ya|®> the condition G'(y) € L2(H'(Q)) N
Hz(L2(Q)) is satisfied if yg € L2(HY(Q)) N Hz2(L*(Q)) and ¢ € L2(Hz(0Q)) N
Hi(L2(09)).

COROLLARY 3.5. (extra LP regularity). By interpolation one can show that if
w e LA(HY(8Q)) N H=(L2(8Q)) then u € L¥(X), where g = % — €, for every
€> 0.
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3.2. Problem (P2). We first derive the optimality system for (P2). This re-
quires more care than for (P1) since G in this case is not defined on the space of
trajectories L%(Q).

Let (y,u) denote an optimal solution to (P2). We shall require that G'(y(T')) €
H}(Q). This will guarantee the required regularity of the adjoint state. In case
G(y(T)) = 3 |y(T) —z|?, this is the case if y(T) —z € H} (), i.e. we require regularity
of y(T) (and z) beyond that which is guaranteed by Corollary 2.2 as well as boundary
conditions for y(T')—z. The required regularity of y at T' can be achieved by restricting
u to be a function of ¢ only, in a neighborhood of T'. To take into consideration the
additional boundary condition, we require that «w = 0 in a neighborhood of T" = 0.
Then by semi-group theory y(T) € HL(Q) N H*(Q) and, if 2 € H}(Q), we have
y(T)—z € H§ (). Thus for tracking type functionals the requirement that G’ (y(T')) €
H§(Q) holds if u € L7, (¥) and z € Hj(Q). This motivates the use of L3, (X) in (P2).

THEOREM 3.6. Let (y,u) denote a solution to (P2) with Ty < T and assume
that G'(y(T)) € HE(Q). Then there exist p € L>(H?(Q) N HY(Q)) N HY(L*(Q)) and
A\ € L%(Xr,) such that for all ¢ >0

Oy —kAy+b-Vy=f in Q,

y=u on X, y=yo n

—0gp— kAp —divbp—0b-Vp=0 in Q,

p=0 on %, pT)=-GWT) in Q,
nanJrﬂqu/\fO on X,

A=max(0, A + c(u — 1)) + min(0, A\ +c(u — ¢)) on X
holds, where X, = (0,T1) x 0Q.

Proof. From Theorem 2.1 the affine mapping v — y(u) is continuous from L?(X)
to L2(Q) N H*(H~2(2)). The linearization ¢ at u in direction h satisfies

(0ey(t), v) = k(G(t), Av) = (4(t), div(b(t))v) — (§(t), b(t)Vv)

= k(h(t) v)aq forall v e H*(Q)NHY(Q) and a.e. t € (0,T). (3.6)

0
"on
Moreover, by Corollary 2.2, the affine mapping v — y(7'; u) is continuous from L>(X)
to L?(Q), and hence it is differentiable at u in directions h € L*(¥). By assump-
tion G'(y(T)) € H}(2)) and hence the solution to the adjoint equation satisfies
p € L2(H?*(Q) N HY(Q)) N HY(L?(2)), [36]. Let j(u) = J(y(u),u) denote the re-
duced cost functional corresponding to (P2). For the derivative at v € L*°(X) in
direction h € L?(X) we obtain by (3.6)

(7' (w), h)r2esy = (G'(Y(T)), 9(T)) L2y + B(u, h) L2 (x)

4o

= —=@(T), 9(T))r2@) + Bu, Mr2(my = = [ -

Lz(Q)dt + 6(” h)LQ(Z)

:*

O\ﬂ

3]
= (H(’TZ + Bu, h)r2(s).
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At the solution we therefore have
(7'(u), h—u) >0 forall he L3 (X)), with ¢ <h <. (3.7)
Note that the directions A in (3.7) are in L5 (¥) as well. Define
Ap ={(t,2) € ¥r, su= g}, Ay = {(t,2) € X, tu =9}, T =31\ (A, UAy),

where $1 = (0,T1)x 0. Set S = {(t,x) € T : j/(u) > 0} and define h = ¢ xs+u x5\ s,
which satisfies ¢ < h <1 on Xp,. By (3.7)

0< (5" (u), h —u)p2(npy) = (' (0), ¢ — u)p2s) <0,

and hence j'(u) = 0 on S, since ¢ < u < 1 on S. Analogously one shows that
J'(u) = 0 on {(t,x) € T : j'(u) < 0} and hence j'(u) = 0 on Z. Next set Sy, =
{(t,z) € Ay : j'(u) > 0}, and define h = ¢ x5, +u x5\ s, Then by (3.7)

0< (J’(u), h— U)L2(2T1) = (J’(u), ©p— ¢)LQ(ZT1) <0.

Since ¢ < ¢ a.e. on Xy, this implies that j'(u) = 0 on S, and hence j'(u) < 0 on
Ay. Analogously one shows that j'(u) > 0 on A,.
Setting

5= —mg—Z—ﬁu on Xp, \ T
0 on 7

the last two equations of (3.5) follow and the optimality system is verified. O

COROLLARY 3.7. Under the assumptions of Theorem 8.4 we have % € L (%)
and u|Z € LI (T) with g, defined in (3.2).

This is a direct consequence of Theorem 3.6, which asserts that p € L2(H?(2)) N
HY(L*(9)), and the proof of Theorem 3.2.

COROLLARY 3.8. Under the assumptions of Theorem 3.6 and if o, € L*(H?= (92))N

Hi(L2(09Q)), then y is a variational solution of the state equation with
we LX(H?(0Q)) N Hi(L*(09)) and y € L*(HY(Q) N H?(L*(Q)) N H' (H™(Q)).

If moreover G'(y(T)) € H2(Q) N HL(Q) and ¢, € L2(HY(8Q)) N Hz (L*(09Q)),
then

3—2e¢

we L2(HY(0Q)) N H = (L2(0R)) and y € L2(H>~(Q)) N H = (L2(Q)),

for every e > 0.
Proof. The proof of the first part is similar to that of Theorem 3.4. By the last
two equations of (3.5) we find

u = max(p, min(t, f%%)) a.e. on Xy, (3.8)
Kk Op op

which is equivalent to v = max(0, min( ' Bon — Y) + ¢ — ) + . Since £ €
L2(H?2(09)) N Hi(L2(8)) this implies by Lemma 3.3 that

ul(0,Th) € L2(0,Ty; H*(99)) N H (0, Ty; L2(69))
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and by concatenation of functions in H T this implies that
we L*(0,T; H?(0Q)) N Hi(0,T; L*(69)),

see [27], Proposition 1.13, and hence y € L2(H'(€)) N H=(L2()). Turning to the
second part of the proof we assume that G'(y(T)) € H?(Q) N HY(2). Then p €
L2(H?(Q))NH 2 (L*(R)), see [32], Vol. I1, pg. 32, and & € L?(H?(9Q))NH 7 (L*(99)).
By (3.8) and concatenation of H*-functions with s € [0, 1) we find that v € L2(H'(9Q))N

3—2¢

H'= (L2(0%2)), for every e € (0,1). This implies that y € L2(H2~¢(Q))NH 5 (L2(2)).
0

4. The primal-dual active set strategy and its convergence properties.
The primal-dual active set strategy has proved to be very efficient for solving con-
strained optimal control problems [8]. We describe it here for (P1) and defer the
necessary modifications for (P2) to Remark 4.2.

In addition to the assumptions on G : L?(Q) — R made in Section 3 we assume
that G is convex so that all auxiliary optimal control problems that arise in this
section have unique solutions.

The primal-dual active set strategy is an iterative algorithm which, based on the
current iterate (ug, Ax), defines the active set

Ak:{’IEQ : )\k(IL’)#’C(uk*?/J)(IL‘) >O},
and the inactive set
T = Q\ Ayg.

The subsequent step consists in solving the optimal control problem with equality
constraints only:
min J(y,u) = G (1) + 2 [ul2a s,
() over (y,u) € L3(Q) x L2(S)
subject to (2.1) and u=1 on A.

This leads to the following iterative algorithm, in which step (iii) is the necessary and
sufficient optimality condition for (Py).

Primal dual active set algorithm
(i) Choose (u1, 1) € L3(X) x L*(X), ¢ > 0.
(ii) Define Ay = {2 € Q : Ag(z) +clup —)(x) >0}, Tjy = Q\ Ay.
(iii) Solve for (yrr1,urs1,Pre1) € L2(Q) N HY(H2(Q)) N C(H () x L3(X) x
L2(H?*(Q) N HE(Q)):
Oy —kAy+b-Vy=f in Q,
y=u on %X, y(0)=yo in Q
—Op— kAp —divbp—b-Vp=-G'(y) in Q, (4.1)
p=0 on X, pT)=0 in Q,

u =1 on Ay, fﬁ%—i—ﬁu:() on Zy.
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(iv) Set

on Ik,

N s = 0
AR —m% — B on Ayg.
(v) Stop or return to (ii).

For practical features of this algorithm we refer to [8] and [33], for example. Suffice
is to say here that for k£ > 2 the iterates of the algorithm are independent of the choice
of ¢, and that the algorithm finds two successive active sets, for which Ay = Ak1,
then (y(ug), ug) is the solution of the problem.

REMARK 4.1. The equality-constrained optimization problem (P}) is solved using
the Newton method for the reduced cost functional j(u) = G(y(u)) + g \u|2LQ(Z). The
required first and second derivatives of j are computed using solutions of the adjoint
problems, see e.g. [4]. In Section 5 we describe the computation of these derivatives
on the discrete level.

For the following result it will be convenient to choose a specific initialization for
A, given by

Choose u; € L3(%),
set A\p = ﬂ{% — Bug, (4.2)
and set ¢ = ( for the first iteration.

THEOREM 4.1. If the primal-dual active set algorithm is initialized by (4.2), if
further ¢ € L (8), G’ : L*(Q) — L*(Q) is locally Lipschitz, and |uy —u*|rz2(s is
sufficiently small, then the iterates (yp,ug, pr, \x) converge super-linearly in L*(Q) N
HYH2(Q)NC(H () x L2(X) x L2(H?(Q) N HE () x L2(X) to (y*,u*,p*, \*).

Proof. Let us consider A in the last equation of (3.1) as a function of u. Then
(3.1) can equivalently be expressed as

F(u) = Mu) — max(0, A\(u) + B(u — 1)) = 0, where F : L*(X) — L*(%). (4.3)

Note that (4.3) is equivalent to
dp

due to the fifth equation in (3.1). By Theorem 3.1 and the assumption that ¢ €
L5 (X) we have that &g—z + By € L (%) with ¢, defined in (3.2). Due to the fact
that g, > 2 we obtain that

u— F(u)

is Newton differentiable as introduced in Definition 1 of [23], see Proposition 4.1.
of [23], with generalized derivate of F' at u in direction h € L*(X) given by

op(h)
on ’

GF(’LL)h = Bh + Gmax(ﬁg% + Bw)

where

Gmax(u)(]}) = {1’ it U(:C) > 07

0, if u(z) <0.
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It was proved in general terms in [23], Theorem 4.1, that Gp(u) has a bounded

inverse from L?(X) to itself for every u € L?(X). Hence it follows that the semi-

smooth Newton algorithm applied to F'(u) = 0 is locally super-linearly convergent.

The semi-smooth Newton iteration consists of the iteration
{ Gr(ug)ou = —F(uy)

(4.5)
Uk4+1 = Uk + OU.

In the following arguments we show that the semi-smooth Newton iteration and the
primal-dual active set strategy coincide. In principle this argument can be extracted
from [23] , but we believe that it is instructive to carry it out for the present case. A
short consideration shows that a semi-smooth Newton step (4.5) is equivalent to
OYk+1 — KAYk1 + b Vypyr = fin Q

Y1 = g1 on B, y(0) = yo in Q

—O0ipr+1 — KApg 1 — divbpri1 — b Vprpr = =G’ (ye41) in Q (4.6)
Pk+1 = 0 on E, pk+1(T) =0in Q

_ SN ,.0Op _ SN
upp1 = on APV, K= + Bugy = 0 on IpW,

where

AN = {a: (—n% = By)(w) > 0f, TRV = Q\ AZY.

We further set

SN
Aoyt = {(Enazgjjl . ZE i{%w’v (4.7)
and observe that
)\k—l—ﬂ(uk—w):—ﬂ%—ﬂw, for k=2,3,.... (4.8)
Note that
Ap(urp — ) =0for k=2,3,.... (4.9)

Hence A, + B(ur — 1) > 0 if and only if Ay + ¢(ug — ) > 0 for any ¢ > 0. From (4.8)
we have that

Ap = AZN and T, = 77N, for k=2,3,....

Therefore the primal-dual active set strategy and the semi-smooth Newton iteration
coincide, provided that their initialization phases coincide. For that it suffices to check
that A; = A7N. This is the case since for \; as in (4.2) we have

Op(uy)
o By

Super-linear convergence of y, to y* in L2(Q)NH(H~2(Q))NC(H ~1(Q2)) follows from
Theorem 2.1. Moreover, super-linear convergence of (px, A\.) to (p*, A*) in L2(H?(Q)N
HY(Q)) x L?(X) is a consequence of (3.1) and (4.1),

A+ B(ur — ) = —kK

op* 0
A= = 08U —uy) — n(ain - %),
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and Theorem 3.1. O

In Theorem 4.1 we addressed local convergence of the primal-dual active set al-
gorithm. We now turn to global convergence, i.e. to convergence from arbitrary
initializations (u1, A1) € L?(X) x L*(X).

THEOREM 4.2. If B is sufficiently large then the iterates (yg,ur, Pk, \k) —
(5, p™, A7) in LA(Q)NH (H~2(Q)) N C(H1(©)) x LA(S) x LA(H2(2) N HE(Q)) x
L?(%).

Proof. Convergence of (ug, A\,) — (u*, \*) in L?(X) x L?(X) follows from a general
result in [25], Theorem 4.1. It requires that § > [|T|z(r2(x),02(@)) Where Tu =
y(u). Convergence of (yg, ur) in the specified norms is a consequence of the governing
equations for y; and pg. 0O

REMARK 4.2. For (P2), under the assumptions of Theorem 3.6, identical asser-
tions to Theorem 4.1 and Theorem 4.2 hold. (P2) differs from (P1) in that it involves
a terminal observation and bilateral constraints. Provided by Corollary 3.7 we again
have the necessary additional regularity g—fL € Li"(X). Global convergence and local
superlinear convergence for bilaterally constrained problems was treated in [25], The-
orem 4.1 and Theorem 6.1. The assumption that |u® —u*| is sufficiently small and that
the initialization phases of the primal-dual active set algorithm and the semi-smooth
Newton methods coincide, if A; is chosen as in (4.2).

5. Finite element discretization. In this section we discuss the space-time
finite element discretization of the optimization problem under consideration. The
space discretization of the state equation is based on the usual H'-conforming finite
elements, whereas the time discretization is done by a discontinuous Galerkin method
as proposed in [15, 17]. We refer to [4, 35] for a detailed description of the space-time
finite element methods for parabolic optimization problems including adaptivity. We
emphasize, that space-time Galerkin discretizations of optimal control problems allow
a natural translation of the optimality system and the optimization algorithms from
the continuous to the discrete level: in fact, the approaches “discretize-then-optimize”
and “optimize-then-discretize” coincide. We return to this aspect in Remark 6.2
below.

Since the state equation (2.2) is considered in the very weak sense, it may appear
at first that its approximation by finite elements based on the standard variational
formulation may be not appropriate. However, such an approach is justified since
the optimal state and control which need to be approximated, possess the common
regularity of a variational solution, see Theorem 3.4. — For an interesting discussion of
finite element discretizations of equations with rough boundary data we refer to [7] in
the elliptic and to [18] in the parabolic case. Finite element approximation of Dirichlet
optimal control problems governed by elliptic equations are discussed in [10, 41].

For this section it is convenient to introduce the following notation: V = H(Q),
Vo = HY(Q), H = L*(Q) and X = L*(0,T;V)NH(0,T;V*). We introduce a bilinear

form a: X x X — R corresponding to the standard variational formulation of the state
equation:

T
a(y,v) = /{(@y,v) + k(Vy, Vo) + (b- Vy,v)} dt.
0

To define the discretization in time, let us partition the time interval I = [0, 7]
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as
I={0}ULULU---Uly

with subintervals I, = (t;,—1, tm] of size k,, and time points

O=to<ti < - <ty_1<tpm=T.

We define the discretization parameter k as a piecewise constant function by setting
kl, =knpform=1,..., M.

By means of the subintervals I,,,, we define for r € Ny a semi-discrete space Xj,
consisting of discontinuous in time piecewise polynomial functions:

I,

Xp = {vk € L*(1,Vo) s x|, € P"(In, Vo) and vy, (0) € H} :

Here, P" (I, Vo) denotes the space of polynomials up to order r defined on I, with
values in V. For the definition of the discontinuous Galerkin method we introduce
the following notation for a function v, € X}

U,:m = t£%1+ Vk(tm +1), Vg 1= tEIgl+ Uk (b — ) = vk (tm),  [Vk]m = v,:')m — V-

Using this notation we define a discretized version of the bilinear form a:

M
ar(yr, vk) = Y /{(3tyk,vk) + 6(Vyr, Vor) + (b Vi, vg) } di

m:lIm
M-—1
) (W1, 1) + Wros Vi) -

m=0

For the space discretization, we consider two or three dimensional shape-regular
meshes, see e.g. [11]. A mesh consists of quadrilateral or hexahedral cells K, which
constitute a non-overlapping cover of the computational domain 2. The corresponding
mesh is denoted by 7;, = {K}, where we define the discretization parameter h as a
cellwise constant function by setting h| = hx with the diameter hk of the cell K.

On the mesh 7;, we construct a conforming finite element space V; C V in a
standard way:

V,f:{UEV:v’KEQs(K)fOTKETh}-

Here, Q°(K) consists of shape functions obtained via bi- or tri-linear transformations
of polynomials in Q%(K') defined on the reference cell K = (0,1)", where

@\S(IA{) = span fo’ t kj €Ng, kj <s
j=1

REMARK 5.1. The definition of V;? can be extended to the case of triangular
meshes in the obvious way.

The discrete space with homogeneous Dirichlet boundary conditions is denoted
by Vi#o = ViF N Hj(Q). Moreover, we introduce the space of traces of function in V;?:

Wi = {wh e HY2(8Q) : wy, = y(vp), vp ths},
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where v: H'(Q) — H'/?(9Q) is the trace operator.
With these preliminaries, we define the discrete spaces for the control and state
variable:

Xps = {vkh € LX(IVo) : vk, € P (I, Vi) and v (0) € Vi } c XTI,

UL, = { i € LW € P (L W) }

REMARK 5.2. In the above definition of the discrete spaces X;’; and Uy’;, we
assumed that the spatial discretization is fixed for all time intervals. However, in
many situations the use of different meshes 7, for each of the subintervals I,, is
required for efficient adaptive discretizations. The consideration of such dynamically
changing meshes can be included in the above definitions in a natural way, [39].

For a function uy, € U]:Z we define an extension Ugp, € X,:fl such that

Y(@gn(t, ) = ugn(t,-) and Ugp(t,z;) =0 on all interior nodes x; of 7. (5.1)

The optimization problem on the discrete level is then formulated as follows:

min J(Yxn, ugn),  ukn € Uy NUad (5.2)
subject to
T
Yen € Upn + X35, ak(Yrn, Vkn) / frvkn) dt + (Yo, vy, ) for all vy € X275
0
(5.3)

The discrete state equation (5.3) defines a discrete solution operator Sk, which
maps a given discrete control ugp, to the (unique) solution of (5.3). As on the contin-
uous level we introduce a discrete reduced cost functional

Jrn(ukn) = J(Skn(ukn), ugn). (5.4)

The discrete optimization problem (5.2)-(5.3) is solved by the primal dual active
set strategy described in the previous section. In each step an equality constrained
optimization problem is solved by the Newton method for the discrete reduced cost
functional jgp, see Remark 4.1. For the realization of the Newton method, we need
representations of the first and second directional derivatives of jgp.

PROPOSITION 5.1. Let the discrete reduced cost functional jip be defined as

n (5.4), then there holds:
(a) The first directional derivative in direction dug, € U,:Z can be expressed as fol-
lows:

Jen (i) (Sugn) = J, (Yrn, ) (Surn) — ar(Sugn, prn) + Ty (yen wen) (Gurn),  (5.5)

where ygn = Skn(ugn), the extension @kh is defined in (5.1), and pyp € X,:; is the
solution of discrete adjoint equation:

ak (Ui, Prn) = Ty (Yrns wkn) (vkn) - for all v, € X7 (5.6)
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(b) The second derivatives of jgp, in directions dugp, Tuky € U,:Z can be expressed as
follows:

Jiin (rn) (Ot Tugn) = J,y, (Ykhs ) (OYkn, TUkn) — ar(Tlgn, Oprn)
+ T (Yrns wn) (Oupn, Tugn),  (5.7)

where dygp 15 the solution of the discrete tangent equation:

5ykh € @kh + X]::Z : ak(5ykh,vkh) =0 fO’I‘ all vy, € X]::Z, (58)
dprn € X7} is given by:

ak(Vkh, Opkn) = Ty, (Y, Wen) (OYkn, ven)  for all vy, € X (5.9)

and @kh,ﬁkh are the extensions of Sukp, Tuky defined as in (5.1).
Proof. Using the solution dyx, = S}, (ukn)(dugy) of the discretized tangent equa-
tion (5.8) we obtain:

o (urn) (0urn) = Ty (Yrns wen) (0Yxn) + o (Yrh, ukn) (0urn).
We rewrite the first term using (5.8) and (5.6):

Ty (yen wen) (Oyin) =y (yn wen) (0yan, — Suwn) + I (yin, win) (Sugn)
= ak(5ykh—gakh,pkh)+=];(ykh, wn) (Oukn) = —ak(@kh,pkh)-FJ{,(ykh,Ukh)(@kh)

This gives the desired representation (5.5). The representation of the second deriva-
tives is obtained in a similar way. O

REMARK 5.3. On the continuous level, similar representations of the derivatives
hold. They can be equivalently expressed using the normal derivatives of the adjoint
state on the boundary, see (3.1). A direct discretization of the representation involving
normal fluxes is in general not equivalent to (5.5) and would not lead to the exact
representation of the derivatives of ji;, due to the lack of the appropriate formulas for
integration by parts of the discretized solutions.

REMARK 5.4. In the convection dominated case, i.e. if |b] > &k, the finite
element discretization may lead to strongly oscillatory solutions. Several stabilization
methods are known to improve the approximation properties of the pure Galerkin
discretization and to reduce the oscillatory behavior, see e.g. [9, 21, 26, 37, 38]. For
the stabilized finite elements in the context of stationary optimal control problems we
refer to [12, 5].

6. Numerical examples. In this section we discuss numerical examples illus-
trating our results and give some details on the numerical realization.

Due to the fact that the trial and the test space in the formulation of the discrete
state equation (5.3) are discontinuous in time, this formulation results in a time
stepping scheme. In our numerical realization we use bilinear finite elements for
the space discretization and piecewise constant functions in time resulting in spaces
X,?; and U,S,% In the following we describe the state equation (5.3), the adjoint

equation (5.6), equations (5.8) and (5.9), and the evaluation of the derivatives of the
discrete reduced cost functional for this choice of discretization. We define

Um:uk:h|lmvym:ykh‘lma Pm:pk?h’[ma Z:17Ma
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Yo = Ykh,0) Py = Prho -

The discrete state equation reads for Yy € V3, and Y, € Uy, + Vi 0t

(Yo,9) = (yo,¢) forall ¢ €V,

(Y, ) + kon (VYo V) + Fim (/ b(s)ds - VYo, &) = Vi1, 0)4+

Im

km (/f(s)ds,qﬁ) forall p € Vog,m=1,... M.
I"YL

REMARK 6.1.  If the time integrals are approximated by the box rule, then
the resulting scheme is equivalent to the implicit Euler method. However, a better
approximation of these time integrals leads to a scheme which allows for better error
estimates with respect to the required smoothness of the solution and to long time
integration (T' > 1), see e.g. [16]. For the numerical examples which follow the
trapezoidal rule is used, which guarantees this improved convergence behavior.

In order to cover both problem (P1) with a time distributed cost functional, and
the problem (P2) with a terminal time functional, we write the cost functional in the
form:

Hw) = [ s ds + K@) + G lulfacsy
0

The discrete adjoint equation reads for Py € Vj, and P, € V3 o:

(¢ Pr) + ke (Vo, VPur) + kg (/ b(s)ds -V, Py) = K'(Yar) (o)
Inr

+knr II(YM)((b) for all (;5 S Vh,O»

(6, Pr) + ki (VO,V Pr) + ki (
Iy,
thp I'(Yi)(¢) forallp € Vyg,m=M—1,...1,

b(S) ds - v¢7 Pm) = (¢a Perl)

—

(¢, Py) = (¢, P1) forall p €V,.

REMARK 6.2. The are two possibilities to obtain the above equations for P,,,
m=0...M:
e discretization of the continuous adjoint equation with dG(0) in time and with
H'-conforming finite elements in space (optimize-then-discretize approach)
e application of the Lagrange formalism on the discrete level for the optimiza-
tion problem with the state equation discretized by dG(0) in time and H'-
conforming finite elements in space (discretize-then-optimize approach)
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The resulting schemes for P,, coincide independent of the temporal grid. This fact
relies on the space-time Galerkin discretization.
For a standard formulation of the implicit Euler scheme, i.e.

1

. (Yo = Yin—1,0) + (VY0 V) + (b(tm) VY, @) = (f(tm), ¢) for all ¢ € V30,

the optimize-then-discretize approach leads to the following discrete adjoint:

(¢a m T 7rL+1) (v¢)7 me) ( ( 7n)v¢; m) (I,(Ym)7 ¢) for all d) c ‘/}L,O)

whereas the discretize-then-optimize approach produces:

(6, Pr) i (6, Pt} (Y6, TP )+ (0(1) V6, Pr) = (I'(Vin), 6) for all 6 € Vi,

Tt

These schemes are different for non-constant time steps k..
For the optimization algorithm we need the evaluation of the derivatives of jip
for basis functions in U,S ,ll We consider the following basis of U ,S ,}L

Wit ) = {@(”’ L€ tm (6.1)

0, otherwise,

where ¢; = 7((?51) and qASZ € V4, is a finite element nodal basis function for a boundary
node i. We obtain the following corollary from Proposition 5.1:
COROLLARY 6.1. The following representation holds:

Jan (wrn) (Wi ar) = B(Unr, ¢i)oa + K' (Yar) (@) + kar I' (Yar) (6:)
(B4 Par) — kit (Yo, VPr) — eas ( / b(s)ds - Vo, Par)
In

o~

]lgh(ukh)(wl,m):ﬂ(UM7¢2)aﬂ+ka/( )( i) + ¢ Pm+1

)
— (i P) — km (Vi, VPri) — ki ([ b(s) ds - Vb, Prn),

\

m=M-—1,...1.

REMARK 6.3. Due to the fact that (}51 has local support, the spatial integration
in the representations above is done only over cells adjacent to the boundary.

Next, we describe the equations (5.8) and (5.9), and evaluation of the second
derivatives. We define

OUp = Supp 8Yom = 5ykh|1ma 0Py = 6pkh|[m7 i=1,...M,

)
|I m

oYy = 53/12}1,0’ 0Py = 5p,;h70.
The discrete tangent equation reads for 0Yy € V3, and 0Y5, € 60Uy, + Vi o:

0Yp =0,
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(0, ®) + km (V0Y, V&) + ki, (/ b(s)ds - VY, d) = (0Ym—1,d)
Im
forallp e V),,m=1,...M.

The discrete equation (5.9) reads for 6Py € V}, and 6P, € V} o

(6,6Pas) + ks (Vb VOPar) + kg ( / b(s) ds - Ve, 0Par) = K" (Yar)(0Yas, &)
Ing

+kn I/I(YZVI)((SYM, gb) for all p € Vj,,

(6,6Pm) + kun (V, V6P) + ki ( / b(s)ds - Vo, 6Pm) = (6,5 Pms1)
I
+hm I" (Y ) (Y, ¢) forall g € Viy,m=M —1,...1,

(¢,6Py) = (¢,6P;) for all ¢ € Vj, .

Using the basis (6.1) we obtain the following representation of j;/, (win)(dukh, Wim)
as corollary from Proposition 5.1.
COROLLARY 6.2. The following representation holds:

it (wn) (uugn, wi ar) = B(OU, di)oa + K" (Yar) (6Yar, &i) + kar I (Yar) (8Yar, 6:)

—(Gs,6Par) — kg (Vepi, VOPur) — kng (/ b(s)ds - Ve, 5Pr)

Ine

it (i) (6ukn, Wim) = BOUnm, ¢i)aa + km 1" (Vi) (0Yar, &i) + (64, 0Pry1)
—($4,6Pm) — km (Vi, V6Py) — ky ([ b(s)ds - Vi, 6Pp),

I’VTL
m=M-—1,...1.
We close the paper with two numerical model problems corresponding to (P1) and
(P2).
6.1. Example 1: Time distributed functional. We consider the following
Dirichlet optimal control problem on © x (0,7) with Q = (0,1)> C R? and 7' = 1:
. 1 B
min  J(u,y) = 5”3/ - yd”%z(Q) + 5”““%2(2) )
subject to

yt — KAy +b-Vu=f in Qx(0,7),
y=u on 99 x (0,7,
y(0) = yo in €2,
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and control constraints
u> .
The data are given as follows:

f=0, k=1, b(t,x)=15(sin(2rt),cos(27t)), 3o =0, [=10"4,

ya(t, ) = x1z2(cos(nt) — x1)(sin(nt) — x2), ¢ = —0.25.

This optimal control problem is discretized by space-time finite elements as described
above. The resulting finite dimensional problem is solved by the primal dual active
set (PDAS) method. In Table 6.1 the number of iterations of the method is shown
for a sequence of uniformly refined discretizations. Here, M denotes the number of
time-steps and IV is the number of nodes in the space discretization.

We present the results for two choices of the initial guess for the control variable:
the same choice for all discretization levels, and an interpolated solution from the
previous discretization level (nested iteration). It comes at no surprise that in the
case where the conditions of local superlinear convergence of the primal dual active set
strategy are satisfied (due to sufficient smoothness of the adjoint variable) the results
for the nested iteration approach are not significantly different from those without
it. This is different, for example, in the case of state constraints, see e.g. [24]. As
stopping criterion we check the agreement of active sets for two subsequent iterations.
When this is achieved the exact solution of the discrete problem is found [8].

TABLE 6.1
PDAS method on sequence of uniformly refined discretizations

N M dimX, =M -N dimU, PDAS Iterations PDAS-Nested Iterations

25 2 50 32 2 2
81 4 324 128 3 3
289 8 2312 512 4 3
1089 16 17424 2048 4 3
4225 32 135200 8192 ) 4
16641 64 1065024 32768 6 4

6.2. Example 2: Terminal functional. In this example we consider a Dirich-
let optimal control problem with a terminal cost functional:

. 1 B
min  J(u,y) = §||y(T) —Yq 720 + 5”“”%2(2) ;

subject to
Yyt —kAy+b-Vu=f in Q% (0,7),
y=u on 99 x (0,7,
y(0) = wo in €2,

and control constraints

p<u<ey, u=0o0ndx(11,T).
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The data are given as follows:

=0, k=1, t,z) = sin(27t), cos(2nt)), yo =0, =10"7, 1 =U.79,
f=0 1, b(t,z) = 15 (sin(27t), cos(2nt)) 0, B=10"% T, =0.75

yg (x) =3 (2122 +sin(12727(1 — 21)?) sin(12723(1 — 22)?)), ¢ =—0.1, ¥ =25.
In Table 6.2 we present the corresponding results:

TABLE 6.2
PDAS method on sequence of uniformly refined discretizations

N M dmX,=M-N dimU, PDAS Iterations PDAS-Nested Iterations

25 2 50 32 3 3
81 4 324 128 3 3
289 8 2312 512 4 4
1089 16 17424 2048 5 4
4225 32 135200 8192 5 5
16641 64 1065024 32768 6 )
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