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Abstract: Parabolic variational inequalities are discussed and existence and
uniqueness of strong as well as weak solutions is established. Our approach is
based on a Lagrange multiplier treatment. Existence is obtained as the unique
asymptotic limit of solutions to a family of appropriately regularized nonlinear
parabolic equations. Two regularization techniques are presented resulting in
feasible and unfeasible approximations respectively. Monotonicity results of the
regularized solutions and convergence rate estimate are established. The results
are applied to the Black-Scholes model for American options. The case of the
bilateral constraints is also treated. Numerical results for the Black-Scholes model
are presented and demonstrate the practical efficiency of our results.

1 Introduction

In this paper we discuss parabolic variational inequalities in the Hilbert space H = L?(Q) of
the type

(S (1) = A" (1)~ F(0)y— v (D) =0, (1) eC (11)

for all y € C, where the closed convex subset C of H is defined by

C={yeH: y<y},

A is a closed elliptic operator in H, §2 denotes a bounded domain in R", and y < ¢ must be
interpreted in the pointwise a.e. sense. In [BL, GLT] existence of strong and weak solutions
is established using elliptic regularization techniques with respect to the operator % + A.
If the solution satisfies y* € L?(0,T;dom (A)) N H'(0,T; H), then (1.1) can equivalently be
expressed as variational inequality of the form

ay*(t) —Ay*(t) — f(t) = =A"(t) <0
(1.2)
y(t) <, () =, \(t)g =0, ae int>0.

The Black-Scholes model for America options, see [O,S] for example, can be formulated as
(1.2) (see, Section 3).
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Our objective is to construct solutions to (1.1) and (1.2) as the asymptotic limit of
solutions to regularized problems based on a Yosida-Moreau approximation of (1.1), see
Section 2. Hence it is distinctly different from the techniques used in [BL,F, GLT | and
follows the abstract treatment in [IK1], and the treatise of elliptic variational inequalities in
[IK2] and [IK3]. For fixed A € L(0,T; H) satisfying A(t) > 0 a.e. and ¢ > 0, we consider
the family of nonlinear parabolic equations:

%yc(t) — Ay(t) + max(0, A(t) + ¢ (ye(t) — ) — f(£) = 0, (1.3)
where the max operation is defined pointwise a.e. in 2. The motivation for introducing
the term A(t) is twofold. First we show that under appropriate assumptions the choice
A(t) > max(0, Ay + f(t)) (in the variational sense) guarantees that \.(t) = max(0, \(t) +
c(ye(t) — 1)) — X (t) in L*(0,T; H), y.(t) — y*(t) as ¢ — oo and (y*, \*) is the solution
to (1.2). In particular, this choice of A guarantees the existence of a Lagrange multiplier.
Here y,.(t) denotes the solution to (1.3). Secondly, for the above choice of A (appropriately
modified if A is a distribution) the approximate solutions y.(t) are feasible, i.e., y.(t) < 1,
as well as monotone with respect to ¢, i.e. we have

Ye(t) < e(t) < y*(1)

and the bound
0 < A(t) < A1)
holds for all 0 < ¢ < ¢. An analogous result was established for elliptic variational inequalities
in [TK2].
For the penalty method case where A = 0, see also [BL], we can establish monotonicity
of the family of solutions g,.:
Ge(t) = Galt) = y*(t)

but no upper bound on A.(t) can be obtained. In conclusion

Ye(t) <y (t) < gelt).

Moreover, for second order elliptic operators A we establish in Section 4 the convergence
rate estimate

* ~ * M

Ye(t) =y (D)), 19e(t) =y (O)] L) < —
For elliptic regularization method square root convergence with respect to the regularization
paramter was proved in [BL]. These convergence results are particularly important for the

Black-Scholes model for American options since the free surface S(t) = {y*(t) = ¥} defines
1

the optimal stopping time [O,S]. That is, we can approximate S(t) with the rate — by letting
c

Se(t) = {Ae(t) = 0} or Se(t) = {ge = ¥}

The paper also contains a discussion of weak solutions and in particular a new result
on the uniqueness of the weak solution is obtained in Section 2.3. While most of the paper
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concentrates on the case where the obstacle is independent of ¢, we also treat time-dependent
constraints ¢ (t) in Section 2.4. Section 3 is devoted to some aspects related to the Black-
Scholes equation. Convergence rate estimates with respect to ¢ are the subject of Section 4.
In Section 5 we discuss the case of bilateral constraints, i.e., the case when

C={yeH:p<y<y}

As in the unilateral case again our treatment depends in an essential manner on an appro-
priate choice of . Lastly, in Section 6 we report on a numerical result for the solutions to a
one dimensional Black-Scholes model.

2 Strong and Weak Solutions, and Existence of La-
grange Multipliers

We discuss parabolic variational inequalities in the Hilbert space H = L*(2). Let X be
a Hilbert space that is densely, compactly embedded into H and let V' be a closed linear
subspace of X endowed with the norm of X. For ¢ € H let C be the closed convex set in V'
given by

C={yeH:y<y}nV,
where we assume that ¢ is such that C is nonempty. The problem that we shall investigate
consists in finding y*(¢) € C such that for a.e. t € (0,7,

<%y*(t), y(t) =y (1) +aly™ (), y(t) =y (1)) — (f(t),y(t) =y (1)) =0 forally eC.

y*(O) = Yo,
(2.1)
where yo € C, f € L?(0,T;V*), and a(-,-) is a bounded bilinear form on X x X i.e.,

la(y, 9)] < My|x|olx y, d€X

which is coercive on V:
a(¢7¢) ZW‘¢‘%/—P|¢|%{7 (bEV

with w > 0 and p > 0. Here (-, -) denotes the inner product on H and (-,-) = (-, )y~ y stands
for the duality pairing between V' and V*. While we frequently set p = 0 for the sake of
simplicity of presentation, but we indicate the dependency on p when it is necessary.

Let us define A € L(X,V*) by

—(Ay,v)yexy = a(y,v) forye X, veV.
Then the restriction of A to V is a closed linear operator in H with

dom(A) = {y € V : there exists a, such that |a(y,d)| < ay |¢|g for all ¢ € V},
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and dom(A) is a Hilbert space equipped with the graph norm of —A.

Definition 1 (Strong Solution) Given yo € C and f € L*(0,T; H), a function y* €
HY0,T; H)n C(0,T;V) is called strong solution of (2.1) if y*(t) € C and (2.1) is satisfied
for a.e. t € (0,7).

Note that if the strong solution satisfies y* € L*(0,7T; dom(A)), then (2.1) can equivalently
be written as a variational inequality of the form

d * *
¥ (1) = Ay () = f(t) = =A() < 0
(2.2)
Remark 1: (1) Let ® be the convex functional on H defined by

0 ify<y ae.
®(y) =

oo otherwise.

Then (2.2) can be written as

_%y*(t) + Ay*(t) + f(t) € 0D (y* (1))

where 0@, the sub-differential of ®. Equivalently this can be expressed as \*(t) € 0®(y*(t)).
In this sense A*(¢) is the Lagrange multiplier associated to the constrained y < .

(2) The family of the regularized problems that we shall utilize in this paper is given by

(&y(t),0) + aly(t), ¢) + (max(0, A(t) + ¢ (y(t) = ¥)), ¢) = (f(£), ¢) =0,

for all p € V and a.e. t € (0,7) (2.3)

y(0) = yo,

with ¢ > 0, is based on the Yosida-Moreau approximation [IK1] of the complementarity
condition A*(t) € 0P(y*(y)). Different choices for A will be used.
(3) If there exits a Lagrange multiplier \*(t) € L*(0,T; H) satisfying (2.2), then y*(t) is a
solution to (2.3) with A = A*(¢). In fact, A*(¢) satisfies the complementarity condition

A*(t) = max(0, A*(¢) + ¢ (y*(1) — ¢)) (2.4)

for each ¢ > 0. Tt is shown in [IK1] (and can also be checked easily by a direct computation)
that A*(t) € 0®(y*(t)) if and only if (2.4) is satisfied for some ¢ > 0.



2.1 Strong Solution

In this section we prove existence of strong solutions to (2.1) by means of a finite difference
approximation scheme.

Theorem 1 We consider the regularized problem (2.3) with f € L*(0,T;V*),y, € H,
and A\ € L?(0,T; H). Then for each ¢ > 0 there exists a unique solution y. in W(0,T) =
HY0,T;V*)N L*0,T;V) to (2.3) and we have the estimates

. ¢ . 1
9elt) = i+ [ @luels) = O+ % In(o)) ds <
0

(2.5)
P 2 ‘2 2 Ly
Yo — ¥ + + [ SIS+ ZA ) [w) ds
0w c
for all ¢) € C, where A, (t) = max(0, A(£) + c(y.(t) — ¥)), a.e. on (0,T).
If in addition for some M; > 0
aly, — alQ,
OV 0N} < gyl o] for sy, 6 € V. (26)
Mt) = N € H, yo € V and f € L*0,T;H), then y, € H'(0,T;H) N C(0,T;V) N
L?(0,T; dom(A )) and we have the estimate

)0+ [ ooy ds < Mo olt +lln =+ D+ [ G ds) (2)

on [0,T], where M, > 0 is independent of ¢ > 0.

Proof: Consider the finite difference approximation of (2.3):

k+1 _ )k _
(= 9) Faly**, )+ (max(0, X+ (5 =), 6) (4. ¢) = 0, for all o € V' (2.8)
Vl\&;ltth yth—t yo € H, f& =L [WFD8 gy qp 3o = L (DS Xy at, At = L and k= 0,1, ....
ote a
y€ H — max(0,\* +c(y—1)) e H

is Lipschitz continuous and monotone. Hence, since B : V' — V* defined by

Bly) = 1= — Ay +max(0, X +c(y — ).

is coercive, monotone, hemicontinuous [B] for all sufficiently small At > 0 independently of
¢ >0, (2.8) has a unique solution y**! in V for every k.

We let V! = max(0, \¥ + ¢ (y**+! — 4)). Then for all ¢y € C.
k1l k1l 0 p A i AP
A — ) = (N — _Z
(NG — ) = (VL 2 gt — = )

1 1 — -
Z E|)‘k+1|%{ . Z()‘k+17)‘k) > |)\k+1 %{ |)\k %{

1
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Setting ¢ = y*™ — ¢ in (2.8), we obtain for £k = 0,1, ...

1 n R
oy W =0l =1 = Ol + 1 =y )+ w T = O
O 1 1 - .
g = @l = M1y = iyl + o N — R < (el = Gl
and thus . i o ‘ ‘ '
" = 1%+ 3 (WY =9 + LN 5) At 4y =o'
k (2.9)
. 2M? 2
< lyo—Pl5 + D _( o A [ —IX1 )AL,
=1

for k=1,2,.... We let

t— kAt
ya (1) = y* + N (y"' —y*) on [kAE, (k + 1)Ad].

Then from (2.8), (2.9) the family 4} is bounded in W(0,T) = H(0,T;V*) N L%(0,T; V)
and from the Aubin lemma, see e.g.[DL,L] it has a subsequence that converges to some .
weakly in W(0,T) and strongly in L?(0,T; H). Moreover for

Y () = "+ on (KA, (k + 1)Ad],
we have

! (1) At k712
; lya:(t) — ym )i dt = Z‘y [ —0

as At — 0. Hence without loss of generality the subsequence of y(AQt) converges to the same

y. weakly in L?(0,T;V) and strongly in L?(0,7; H). Thus the limit y,. satisfies (2.3) and
estimate (2.5) holds.

Uniqueness Note that for y € W(0,T) we have 4|y(t)|3, = 2(Ly(t),y(t)) for a.e. t. Let
y; € W(0,T) denote solutions to (2.3) with initial condition y;(0) € H and f; € L*(0,T;V*),
1 =1,2. Then

d 1
@\yl(t) —plh +wln (@) — @) — 20| — vl < a\fl(t) — f2(O)[}-.

This implies the existence of M; > 0 such that

) =30+ [ ) 1) ds < My (n0) = O+ [ 21506) = o) ),

for all ¢ € [0, T]. Uniqueness of the solution to (2.3) follows.



Strong Solution Define the symmetric part a, of a by

a(y, ¢) + a(d, y)
2

as(y, ) = +p(y, o)y fory, ¢ € V.

and set

U.(y) = / /_yi max(0, A(x) + ¢ s) ds dx

We shall use (2.8) with ¢ = y _y and observe that

k+1 , k+1 k+1

2a,(yFH Rt — b)) = a (VR M) — ag (R, oF)+

k+1 kJrl) k+1

as(y® — yF T yF ) — ag(yF T yR — R+ ag (VR — yF T = R,

Using monotonicity of y — W, (y) we obtain

k+1 k
y - L k+1 ) k+1y _ k ,k k+1 _ ko k+1 _ k
IiAt |H+2At(a5(y YT —as(yt, YY) +oag(y y",y y"))
1
+E(‘Pc(y’““ — ) = U (y* — 1))
k+1 k k-+1 E+1 k
< k+1 Y -y Mo gkt Yy k Y —-v
<|py VI N+ M|y MiAt lg + | f"| HiAt |1
1 ykJrl k: 3 ) .
< |29 +12 M2 k412
_2| A7 SR 2(ply MY+ M)
Hence
k . .
NE VoY At oy’ — oy — o) et o)+ T )

=1

k
< as(y’ y0) + ey’ — ) +3 > (PPl + MY + 1 7) At

i=1

Thus ym( ) is bounded in H*(0,7; H)NC(0,T;V) and Converges weakly in H'(0,7T; H) and
weak® in L>(0,T; V) to y.. Moreover, since y. satisfies Ly, — Ay, = f, with f = max(0, A+

c(ye—))—f € LQ(O T; H) and y(0) = yo € V we have y. € C(0,T; V)N L*(0, T; dom(A)).
0

Theorem 2 Assume that yo € C, f € L*(0,T; H) and that (2.6) holds. Then (2.1) has a
unique strong solution y* € H'(0,T; H), t — y*(t) is right-continuous, and the estimates

)
b [ 21

t
Wy (6) — D% + / Wy (s) — D ds < |y — D% +
0
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for all ¢ € C, and

afy’ / Ly () ds < My (Jol? + / () 2 ds) (2.10)

hold.

Proof: Let A = 0. Since from (2.7) y. is bounded in H' (0,7, H) N C(0,T;V), there exists
a subsequence that converges to y* weakly in H(0,T; H), weakly star in L>(0,T; V) and
strongly in L?(0,T; H) as ¢ — oo.
From (2.5) we further deduce that

T
[ max(0.00) = ) de o
0
as ¢ — 00, and consequently y*(t) < v a.e.. Since

(maX(()? C(yc(t)—z/})), y_yc<t>) = (maX<07 C(yc(t)_r‘/})L Z/—w—(yc(t)—?/})) <0 for all Y€ C7

y* satisfies (2.1).

We turn to the a-priori estimates. Since y. converges to y* in L?(0,T; H) as ¢ — oo there
exists a further subsequence, denoted by y: that converges pointwise a.e. to y* in H. Due to
(2.7) the family {|ys(¢)|v }e=0 is bounded for every ¢ € [0,T]. Hence, for each ¢t € [0, 7] there
exists a subsequence of {a(t)} and g(t) such that ya(t) converges to y(t) weakly in V. We
claim that g(t) = y*(¢) for a.e. t € (0,7") and hence the whole family {y.(t)}s>0 converges to
y*(t) weakly in V. This follows from the fact that if a sequence {z,} converges strongly in H
to z and weakly in V' to z then z = z. In fact, let 7: V — V* denote the Riesz isomorphism
and let dom J ={h € V: Jh e H}. For every h € dom J we have

0= lim(z, — 2,h)y = lim (2, — 2, T h)yv~ = lim (2, — Z,h)g = (2 — Z, h)m.

Since dom J is dense in H, and h € dom J is arbitrary, we have z = Z, as desired. (see e.g.
Aubin, pg 65, 108). Now, using weak lower semi-continuity of lower semi-continuous convex
functionals, we can pass to the limit with respect to ¢ in (2.5) to obtain the first a-priori
estimate in Theorem 2. The second follows from (2.7).

Next we show that ¢ — y*(¢) is right-continuous from [0,7) to V. Since y* € C(0,T; H)
and y*(t) € V for every t € [0,7T] by (2.10), we can consider an initial value problem of the
type (2.1) with initial condition y*(7) at ¢ = 7. Proceeding as in the last step of the proof
of Theorem 1 we have

o0+ [ 15 0ods < aly" )y ()

3/ (0°lye(s) | + Muly(s) [y + £ (s)[7) ds
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Now we can proceed as in the first part of the proof of Theorem 1 (see (2.5) with @/3 =y, and
A = 0) to ascertain the existence of a continuous function p,: [1,7] — R with p,(7) = 0,
(depending on f € L?(0,T; H), and yo € V') such that

o(e0:e0) + [ 15 wlds < aly’ (7). () + 0

Passing to the limit w.r.t. ¢ we have

o' Oy ®) + [ 153 Olhds < aly'(7),v7(0) + pr(0).

This implies that
lim sup a(y*(t),y"(t)) < a(y*(7),y"(1)).

t—rt

Since y* € C(0,T; H) and {y*(t) }+c[o,r] is bounded in V', it follows that y*(t) — y*(7) weakly
as t — 7 and hence
aly* (7). y"(7)) < lim inf ay"(1).y" (1)

Consequently lim a(y*(t),y"(t)) = a(y*(7),y"(7)). Combined with w — lim y*(t) = y*(7
t—7+ t—T1

this implies lim; .+ y*(t) = y*(7).

Uniqueness If y; and y; are two solutions, with possibly different initial conditions and
inhomogeneities, then from (2.1)

d * * * * * * * * * *
(@(yl —Y5), 91 — ¥3) +a(yl —ys, 1 —ys) < (fi(t) — fat), yi —v3)

and thus
t 1 t
970 = 3O+ [ i) = s ds < (i) = O+ < [ 1O~ ds),

on (0, 7], which implies that the strong solution is unique. O

The following corollary shows that the strong solution is continuous with respect to the
function ¢ € H which defines the convex set C.

Corollary 1 In addition to the hypotheses of Theorem 2 assume that ¢; — 15 € V and
let yf, i = 1,2 denote the strong solutions to (2.1) corresponding to the closed convex sets
Ci={yeV:y<u}, i=1,2, respectively. Then

() = — (3(E) — o)l + / Wi (5) — w3 (s)I ds < My by — vl

on [0, 7.



Proof: From (2.1) with C; we find

(%yf (), y5 (1) For—1a—yi (1)) +alyi (t), ys (1) +or1—a—yi (1)) —(f (1), y5 () 11— —yi(t)) > 0,

and similarly,

(%yé(t), yi () + 2=t —y5(8))+alyi (1), y1 (t)+ba—v1—y5 () = (f (1), y1 () +ba—t1—y5(t)) = 0.

Adding these inequalities implies,

(%(yi(t)—wl—(yé‘(t)—wz)), Y1 () =1 —(ya (t) —2))+alyy (t) —y5 (1), y1 (£) =y (1) — (1 —12)) <0

and thus
t M2
97() = v = 300 = )+ [ i) = 30 e < Tl = vl

The following two results are corollaries to the first part of Theorem 1.

Corollary 2 (Monotonicity) Let A = 0 in (2.8) and assume that a(y,y*) > 0 for all
y € V. Then y* > y¥ and y. > ys forc<cand all k = 1,2, ...

Proof: The proof is given by induction. The case k = 1 will follow from the arguments
given below. Suppose that y* > y¥ for ¢ < ¢é. Then by (2.8),

1 ) B
i YEr (R — )T+ a(yF T — g (T — )

(max(0,¢ (55— ) — max(0,é (5 — ), (s — yE))

= (& k=t (T —yihH) > 0.

Since
(max(0, ¢ (y¢ ™ — 9)) — max(0, ¢ (y: ™ — ), (ue™ —yi™)7) <0,
for At > 0 sufficiently small |(y5+! —y¥™))~|2, < 0 and thus y**' >y for ¢ < é&. The last

assertion follows from the fact that y(jg converges strongly to y. in L?(0,T; H), as At — 0.
O

Corollary 3 (Perturbation) Let 1), lﬁ € H and denote by y. and 3. the corresponding
solutions to (2.6) with A = 0 and ¢ > 0. Assume that (y — )" € V for all y € V and
v >0, a(l,¢) >0 for all ¢ > 0, and a(y,y™) > 0 for all y € X with y* € V. Then for
a = max(0,sup, , (¢ — ¥)) and 3 = min(0, inf,; (¢ — ¥)) we have

ﬁéyc_gcga-
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~

Proof: On {y. > ¢} N {j. > ¢} we have max(0, ¢ (y. — 1)) — max(0, ¢ (o — 1)) = ¢ (ye —
Ye) — c(¥ — @Z)) > ¢(y — Y. — ), and hence

(maX(07 c (yc - 1#)) - maX(O, C (gc - 1/1)))(% - gc - O‘>+ Z 0
(max(0, ¢ (ye — ) — max(0, ¢ (ye — ¥)) (ye — §e — )~ < 0.

On {y. > v} N{y. < 1@} we have max(0, ¢ (y. — ) — max(0, ¢ (g. — wA)) = ¢ (y. — ), and

hence

~

(maX(07 c (yc - 1#)) - HlaX(O, C (gc - 1/1))(% - gc - O‘>+ Z 0

(max(0, ¢ (ye — ) — max(0, ¢ (ye — ¥))) (e — e — 3)~ = 0.
On {y. < v} n{y. > 1/}} we have max(0, ¢ (y. — v)) — max(0, ¢ (g. — 1/3)) =—c (9. — 1/3), and

hence

~

(max(0, ¢ (ye — ¢)) — max(0, ¢ (g — ) (ye = fe — )" =0

(maX(O, c (yc - %U)) - maX(07 c (yé - @Z;)))(yc - gc - ﬁ)i S 0.

Therefore we have on 2

~

(maX(()? c (yc - 1/})) - max(O, c (gc - w»)(yc - gc - Oé)+ Z 0
(2.11)

(max(0, ¢ (ye — 1)) — max(0, ¢ (yz — ) (ye — g — 5)” < 0.
We proceed by induction and assume that y* — 7% < a. Then from (2.8)

1 /\ 1 A
(W =9 =), (0 =9 =) ) alye T - gt (e -9 - a))

+(max(0, ¢ (y =) — max(0, ¢ (57" = ), (T — g — a))

1 .
(E( —gF —a), (Y =gttt —a)T) <.

From the assumptions on the bilinear form a and (2.11) it follows that |(y*+t1—gk+l—a)*|2, <
0 and thus y*™! — ¥ < o a.e.. Analogously one shows, using 3 < 0 that y*™! — gk+t > 3.

The claim now follows from the fact that y(AQt) converges strongly to y. in L?(0,T; H) as

At — 0. O

2.2 Existence of Lagrange Multipliers

In this section we prove that for appropriately chosen A the sequence A.(t) = max(0, A(t) +
¢ (ye(t) — ¢)) converges to the Lagrange multiplier \*(¢) in L?(0,T; H) associated to the
constraint y < ¢ as ¢ — oo.
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Throughout this subsection we assume that

YpeXand (y—vy)t €V forally eV
A€ LX0,T; H),A >0, and A(t) > Ay + f(t) for a.e. t (2.12)
aly,yt) >0 for all y € X with y™ € V.

In (2.12) the condition A(t) > At + f(t) must be interpreted in the sense that for a.e. t
(A1) = (AY + f(1),¢) 2 0, forall g € V, ¢ > 0.

Theorem 3 If (2.12) holds and y, € C, then the solution to y* to (2.8) satisfies y* € C for
each ¢ > 0 and y* < y¥ for ¢ < ¢ for all k > 0.

Proof of Theorem 3: For k > 0 define )\’(j > 0 by
A = max(0, A" + ¢ (yi T — ),

where y¥ is the solution to (2.8). We first show that y* € C for all k. The proof is given by
induction. For y* € C we have from (2.8)

1

E(yf“ — o, (T =) ) +alyi Tt =, (T = 0)T)

(A + 1)+ A (e =) = é(yf — .y =) <0,

where

(—(AY + [+ AT (e =) ) > el(ye™ =)t
since \¥ — (A + f¥) > 0. Hence for At > 0 sufficiently small |(y*+* —+)¥|?, < 0 and thus
y*+1 € C. Similarly, for y* < y¥ and ¢ < ¢

1
E(yf“ — gt (T =y FalyE T = T (T = i)

1
FAEFE— NEFL (it — ) = (E(yf —yE (Yt —yEth ) <o,

where

AT = AT (e -t > 0.
Hence for At > 0 sufficiently small |(y*+! — y*™))*|2, < 0 and thus y*™ < 35+ for ¢ < é.
0

Corollary 4 If in addition to the assumptions of Theorem 3, (2.6) holds and f € L?(0,T; H)
then y.(t) = lim y(Alg € HY(0,T; H) N L*(0,T;dom(A)) N C(0,T;V) as At — 0T, (2.5) is
satisfied and

0elt) — Ay (0) + max(0, (1) + e (ult) — ¥) = (). (2.13)
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Moreover y.(t) € C for each for ¢ > 0, y.(t) < ys(t) for ¢ < ¢, and
0 < Ae(t) = max(0, A(t) + ¢ (ye(t) — 1)) < A(t) a.e. in (0,T) x . (2.14)
Proof: From Theorem 3 we deduce that
0 < M = max(0, \F + ¢ (¥ — ) < A ae.

and A**! monotonically non-decreasing as ¢ increases to oo. From the proof of Theorem 1
it follows that y.(t) = lim y(Alg strongly L?(0,T; H) and weakly in W(0,T), and y, satisfies
(2.13) and (2.14). The regularity property y.(t) € H*(0,T; H)NL*(0,T; dom(A))NC(0,T; V)
follows from the estimates developed in the part on strong solutions in Theorem 1 with f
replaced by f = f —\. € L*(0,T; H) and ¥, = 0. O

Theorem 4 If in addition to the assumptions of Theorem 3, (2.6) is satisfied and f €
L?*(0,T; H) then (2.1) has a unique strong solution y* € H'(0,T; H) N L*(0,T;dom(A)) N
C(0,T;V) and there exists a Lagrange multiplier \* € L?(0,T; H) such that

d
at?

A1) = max(0, \(1) + (y*(1) = ¥)).
Moreover, y.(t) T y*(t) a.e. pointwise as ¢ — oo.

Proof: From Corollary 4 it follows that {y.}.>1 is bounded in W (0, T"). Hence there exists
a subsequence and y* € L*(0,T; H) with y*(0) = o such that y. — y* weakly in W and
strongly in L?(0,T; H). Since y. < 1 for all ¢ > 0, we have y* < 1. Moreover \.(t) is bounded
in L*(0,T; H) and consequently there exists A*(t) € L*(0,T; H) such that A\*(t) > 0 a.e. and
a subsequence of \.(t) converges weakly to A* in L?(0,T; H). Since

() = AyT(t) — fO) +A(t) =0
(2.15)

0< [ 00t =)+ A®Y = [ (0,070 =)

T
| xw.s0-va-o
and thus (y*(t), \*(t)) satisfies the complementarity condition. Taking the limit in
d

for all € V and a.e. ¢t € (0,T], we have

(S (6),6) + aly"(1),6) + (X' (1),6) — (£(0),6) = 0

and hence



for all € V and a.e. ¢t € (0,T]. Moreover %y*(t)—Ay*(t)—f(t) = 0in V*, where f = \*—f.
Since f € L*(0,T; H) and y € V, we have y* € H'(0,T; H)N L*(0, T; dom(A))NC(0,T; V).
UJ

Corollary 5 In addition to the assumptions in Theorem 4 assume A(t) € LP((0,T)xQ), 2 <
p < oo. Then A* € LP((0,7T") x Q).

2.3 Weak Solutions

In this section we consider weak solutions to (2.1).
Definition 2 (Weak Solution) Assume that yo € H and f € L?(0,T,V*). Then a function
y* € L*(0,T;V) satisfying y*(t,z) < ¢(x) a.e. in (0,T) x Q is called weak solution to (2.1)
if
4 d * * * * 1 2
i [(y@),y(t) —y7 () +aly” (1), y(t) =y (1) = (f (), y(t) =y ()] dt + 5]y(0) — ol = 0
(2.16)
is satisfied for all y € K, where
K={yeW(,T):y(t,x) <¢(x) ae. in (0,7) x Q}.

If y is a strong solution, then

G 900 = 500 + a0, 960 - 56— (700~ 500} e = 0,

for all y € K. Setting y = g in (2.16) and y = y* in the above inequality we have a(y —
v,y —y*) = 0 for a.e.t. Consequently, if (2.1) admits a strong solution then it is a weak
solution and the weak solution is unique. We have also the following stronger result.

Theorem 5 Assume that yo € H and f € L*(0,7,V*). Then there exists a unique weak
solution to y* to (2.1).

Proof: For each ¢ > 0, let y* = y* be the unique solution to (2.8) with A = 0. From (2.9) it
follows that for each k > 1 the families |y¥|y; and c|(y* —¢)*|% are bounded in ¢ > 0. Thus
there exists a subsequence of {y*} that converges to some y* € V weakly in V and strongly
in H as ¢ — oo. Moreover |(y* —1)*|y = 0 and hence y* € C. Since

(max(0, c(yg — ),y — y¢) = (max(0, c(y —¥)),y =¥ — (y: —¢)) <0 forally €C,
we obtain from (2.8) that y*, k > 0, satisfies

y g k+1 k+1 k+1 k k+1
(g vy ) el iy =y ) = {ffy -y 20, (2.17)
for all y € C. Moreover it follows from (2.9) that

N
(Jy" — "M% + |¥*|3 At)  is bounded (2.18)
k=1
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with respect to N, where NAt = T. Thus it follows from the proof of Theorem 1 that there
exist subsequences of y(Alt) : y(jg (denoted by the same symbolds) and y*(t) € L*(0,T; V) such

that

y(Alt)( t), y(AQt)( t) — y*(t) weakly in LZ(O,T; V) and strongly in LZ(O,T; H),

as At — 0 Note that

d k1, k
U g\ = % on (kAt, (k+1)At].
Thus we have from (2.17) for every y € K

d ) d @ d
<dtyy yh +a(y)y -y — <fk,y—y£2>+<dty(m) i yeh >0,

a.e. in (0,7"). We have

d 1 d 2 d 1 d d 1 d 1 2
@y&? ik A y23>=<dty(m) i y£2>+<dty23—ay,y£2—y£2>,
where
d d
/O<dty§3 i ya)dt < 5 \y(O)—yo\?q
and
d @
. (dt?/mvym_?/m Z|y
Since

/0 aly*(£), y*(t)) dt < limin / a(y2(),y2(0)) dt,

At—0

(2.19)

(2.20)

(2.21)

(2.22)

it follows from (2.19)—-(2.22) that every weak cluster point y* of y(jﬁ in L*(0,7T;V) is a weak

solution.

Uniqueness Let y* be a weak solution. Setting y = y(Alg € K in (2.16) and y = y*(t) € C in

(2.17) we have

T
d 1 1 * 1 " 1 .
/K@y(ﬂt)’ygg‘yHa(y s —y7) = (foyls —y)]dt >0
0

T
d
G =D+ au =) = o =yl 20

Summing up these inequalities, and using (2.22) implies that

/0<<y y ) () — g2y de

—_

N T
>3 o = [ ol = = o)
k=1

\)
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Letting At — 07 we obtain 0 > a(y*(t) — 9(t), y*(t) — y(t)) a.e. on (0,7T), for every weak
cluster point ¢ of y(jg in L?(0,T;V). This implies that the weak solution is unique. [J

2.4 Time Dependent Obstacles

In this subsection we discuss the extension of the previous sections to the case that the
obstacle depends on t.

(1)
If ¢ € L*(0,T; H) and

K={yeW(,T):y(t,z) <t x)ae in (0,T) x Q}

is non-empty, then (2.3) has a unique solution y.(t) in W(0,7T) for each ¢ > 0 and there
exits a weak solution y* € L*(0,T; V) to (2.1) satisfying y* < 1(¢). Here C in (2.1) has to be
replaced by C(t) ={h e H : y < w( )} NV for a.e. t. For the proof we consider the modified
finite difference approximation from the proof of Theorem 1:

yk-i-l _ yk B
(77 (b) + a(yk+17 ¢) + (max(O, )‘k +c (ykJrl - warl))v (b) - <fk7 ¢> = 07 for all (b S ‘/7

At
(2.23)
WithAy0 =yo € Hand ! = & k(ZJtrl)At ¥(s) ds. If we replace ¢ by F+! = ~ k(ELl)At U(s)ds
for ¢» € KL and let B
M = max(0, \¥ + ¢ (y" T — F)
in the proof of Theorem 1, we obtain for £ = 0,1, ...

/\

1 . )
g (5 = M = 1y = M) + 1 =) = 0 = 91

k+1 wkﬂ k+1 d;kﬂﬁi ip\kﬂﬁ{

—ply o

+w |y

- - N A Tht1_ 7k
e e | A I e T 0 B O v

V*)a
where ¢° := ¢)!. Here we used the fact that

)
2
The previous estimate implies the analog of (2.9) for t-dependent obstacles:

lyF = M+ s (@Y = P+ EIN ) At [y =9 = (7 =0 R)

(a—b)(a—c)z%\a—cf— b—d\Q—l—%\(a—c)—(b—d)|2+(a—c)(c—d).

v+ )At,

k
) 2M? .. 1o, 2 4 9 =gt
<lyo = DO)fF + D (W A N+ S S —
i=1

(2.24)
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Proceeding as in the proof of Theorem 1 we obtain the existence of a unique y. € W(0,T)
satisfying (2.3) with ¢ replaced by () and

®) = D0+ [ @lls) =+ (o)) s

. toM? . 1< 4 4 d -
< |yo—¢(0)|2+/( (S + =M + = 1 ($)o + =10 )(s)[3-) ds,
0w c w
(2.25)
where \.(t) = max(0, A(t) +c(y.(t) —1(t))) for every ¢ € K. The existence of a weak solution
to (2.1) is verified as in the proof of Theorem 5, replacing C by C**! = {y € V : y < ¥}
and (2.9) by (2.24).
Note that by means of the transformations i = e ?'y*, f = e ' f, and ) = e "¢ the
variational inequality is transformed into

<5t?3( ),y —yt) +a(@t),y —gt) +p@(t),y —yt)x — (f(t),y —9(t)) >0

y(0) = yo,

for all y € V with y < 9(t). Here the bilinear form a(-,-) = a(-,-) + p(-,-)y satisfies
(¢, ¢) > |¢f3 forall ¢ € V.

(2) If d@/} € L*(0,T;V), then Theorems 1 and 2 remain valid with appropriately modified
a-priori estimates. In this case ¢ € C(0,T; H) and hence in the estimates in (1) above
the values for ¢ can be defined by ¥ (kAt) and analogously ¢* = ¢(kAt), for k = 0,1, ...

Setting ¢ = ykﬂ_wzt_(thk) € V in (2.8) we find,
Loyttt — g, 1 kel kel ko k k41 k kbl k
§T|H+E(as(y ) —as(yt, yt) Fas(ytT =yt T =)

H(y =) = Wyt -9

k+1 ( b 7/1k+1) ( k_ wk))| + ]\41 |yk+1|v| (yk—H - wk-{-l) B (yk B T/Jk)

<
k41 k k+1 k k+1 k k+1 k
k Yy -y (0 - IR0 w M k+1 2 (0 — P,
¥ (gl ) o+ 5 il (1 o+ 1 )
el vl Vi ol i il A VAV ol by v [

for some constant C' independent of ¢ and k. Hence y(Alt) is bounded in HY(0,T; H)NC(0,T;V)
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and the conclusion of the second part of Theorem 1 remains valid with (2.7) replaced by:

o(0r0), )+ [ 126 s < 08y (ol el o0+ it [ ()0 ),

(2.26)

on [0, 7], with M, > 0 independent of ¢ > 0.
As in the proof of Theorem 2 we now obtain the existence of a strong solution y* €
HY(0,T;H)NC(0,T;V) satisfying

1y () — D)% + / o 19e(s) — D(s)[3 ds

(2.27)
- toM? . 4 4 d -
<l = HOF + [ o0 + SR+ 2 10 ds,
and
¢ d
o O )+ [ 1y Ods < Mallly + [T+ E0l)Fds) (229)
(3) If ¢p € HY(0,T; H) N L*(0, T;dom(A)), yo € V, yo < 1(0), and
(y—o@)teViorallyeV, and t € [0,T]
A€ L*0,T;H),A >0, and \(t) > AY(t) + f(t) — Lo(¢) for a.e. t (2.29)

a(y,y™) >0 for all y € X satisfying y* € V,

then Theorems 3 and 4, and Corollary 4 hold. In fact, for k = 0, 1, .. define f* = Alt k(zrl)m f(s)ds,
YF = 1p(kAt), and

L1 [lena 1 UL .
M= — A(s)ds — — A ds + Ayt
~ ds= 5 [ Avds+Av

Then by (2.29)
_ wk-i—l _ wk i1 .
)\kZ—T+Aw+ + f*.

Let 4* denote the solution to (2.23) and define \* > 0 by
A = max(0, \F + ¢ (yFT! — ).

As in the proof of Theorem 3, we can show by induction that y*+* < ¢**+1 since

é( k+1 wk+1 ( k+1 _ wk+1)+) + a(yk+1 _ warl ( k+1 wk+1) )
_ k+1 k ¢k+1 wk k+1 E+1 _ pk+1y+y i k_ .k E+1 _  k+1N\+
(AT P = ) R AT (T ) ) = o = (T ) ) <0
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Similarly, it follows that y**! < yf“ for 0 < ¢ < ¢. Now the same arguments as in the
proofs of Corollary 4 and 4 can be used to extend these results to case of t-dependent .

(4) If v € C(0,T; H) is nondecreasing and concave, then the weak solution to (2.1) is
unique. In fact, we can repeat the argument in the proof of Theorem 5 with (2.8), (2.9)
replaced by (2.23), (2.24), C replaced by C*™l = {y € V : y < ¢F1} where ¢F = ¢p(kAt).
Then the uniqueness argument remains applicable since y(Alg € K due to concavity and since
y*(t) < 1 on (kAL (k + 1) At).

3 Black-Scholes Model for American Options

We consider the Black-Scholes model for American options, which is a variational inequality
of the form

2
iU(QS)JFO—SQUser('r—é)Svg—rv <0 Lo(t,S)>y(S)
dt 2 1)

(T, 5) = y(S)

for a.e. (t,5) € (0,7) x (0,00), where L indicates that both inequalities are satisfied with at
least one of them holding as equality for a.e. (¢, S). For the put option ¢(S) = max(0, K —5)
and for the call ¥(S) = max(0,S — K). Here S > 0 denotes the price, v the value of the
share, r > 0 is the interest rate, 0 models the influence of dividends, o > 0 is the volatility
of the market and K is the strike price. Further T is the maturity date and ¢ the pay-off
function. Note that (3.1) is a backwards equation with respect to the time variable. The
complementarity system (3.1) has the following interpretation [O,S] in mathematical finance.
The price process S; is governed by the Ito’s stochastic differential equation:

dSt = TSt dt + O'St dBt,
where B; denotes Brownian motion and the value function v is represented by

v(t, S) = sup EX[e " "4(S,)],  over all stopping times 7 < 7. (3.2)

To express (3.1) in variational form we define

Smax g2 2 2 2
a(v,qﬁ):/S' ((751154—(7’—5—0)Sv)¢§5+(2r—(5—a)vqﬁ)dS (3.3)

for v, ¢ € V, where V' is the completion of the space

{¢ € H : ¢ is absolutely continuous on (Suyin, Smax)

SmaX
/ S%ps?dS < 0o and ¢(S) — 0 as S — Spax and S — Spin}
s

min

19



under the norm

Smax
o = [ (%ol + 67 ds.

Smin

We have the following estimates

2
o
a(v,¢) < 7|vlv|¢>|v +|r— o = dljvlulélv + [2r — 0® = 8||v|u|¢|u
and
o’ 2 3 5 2 2
a(v,v) 2 —|vly + (2r — 50% = O)vlfy — |r — o™ = dl|v]v|v]m
o’ 3 (r—o?—0)2
> ol + (2r = 507 =6 = T2 =y,

where H = L*(Spuin, Smax). The solution to (3.1) satisfies v — ¢ € V. Setting y(t,S) =
v(T —t,5) — 1 we arrive at

(%y*(t), y(t) =y (1) +aly" (1), y(t) —y* () — a(,y(t) —y"(t)) =2 0 forally €C,
y*(0,.5) = yo,
(3.4)
where C = {y € H : y > 0}, or in strong form
S0~ Ay (1)~ Ap >0

y*<07 S) = Yo,

where Ay = U—;SQ vss + (r — §)Svg — rv. Note that compared to (2.2) the sign is reversed.

Let us briefly comment on the call and put cases. For the call case with § = 0 we have
(A, ¢) > 0 for all ¢ € C and hence it can argued that European options ( i.e. the variational
inequality in (3.1) is replaced by a parabolic equation without constraints) coincide with
American options. Turning to the case with dividends we note that (3.1) has the equilibrium

solution -
K+ S S>5

U= B (3.5)
SP S<S

where

I (5+"—22—7’)+\/(5+"—22—7’)2+2027’

S=——, = .
v—1 o?

The equilibrium solution (V; = 0) satisfies the Cauchy-Euler equation

o2
552v55+(r—5)505—rv:O
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on (0,5) and thus has the form
V(S)=0CS",

where v must satisfy "—227(7 —1)(r — §)y —r = 0. This equation admits the solution vy > 1

given above. Since v € H*(0,00) we must have

v(S)=S5—-K=05", vg(S)=CyS" ! =1,

which yields (3.5). It can be verified that v(¢,5) < S for all t < T and S > 0 and hence in

the call case with dividends one can choose Syax = S, while Sy, = 0.

For the put case (0,00) can be replaced by (S,00). In fact (3.1) with § = 0 has the

equilibrium solution of the form

v = ) (3.6)
(K —295) S<S
where
2r K~y
/y = 2 7S =
o 1+~
The equilibrium solution satisfies the Cauchy-Euler equation
o2
?SQUSS +rSvg—rv=>0
on (S, 00) and thus can be written as
0(S) = €y S + Cy 5%,
where sy, s9 satisfy
2 2
%s(s— D+rs—r= (%s+r)(s—1) = 0.
That is, s = —y and s = 1. Since v — 0 as S — oo, we have v = C; S™7. Since v € H?(0, 00)

we must have

v(8) =K -8, wvs(S) = (K—S)% =1,

which yields (3.6). It can be argued that v(t,5) < v(S5) for all t < T and v(t,S) — v(5)
monotonically as t — —oo, for all S > 0. Hence in the put case we can choose Sy, = 5,

which allows to avoid the singularity at 0, while Sp,., = co.
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4 Convergence Rate

In this section we study the convergence of the solutions y. of the regularized problem (2.3)
to the solution y* of (2.1) as ¢ — 0. We assume that the bilinear form a has the form

a(y, o) = /Q[aijé‘gg,.y@qub + (0i0,y + dy)¢lde,

for y,¢ € X = H'(Q), where we use the summation convention. The leading differential
operator is assumed to be uniformly elliptic, all coefficients are in L>°(€2) and d > 0. Moreover
we assume that

dom(A) C C(Q). (4.1)
This is the case, for example, if V' = H}(Q), where Q is a polyhedron or it has a C'!
boundary, and a;; € W' (Q),p > n, b; € LP,p > n, d € LP,p > max(p,4)/2.
Our objective is to prove convergence of y. to y* in L>((0,7") x Q) with rate —, provided
c

certain regularity conditions are satisfied. Some preliminary considerations are required. Let
K={veV:v>0ae inQ}, and let K* = {v* € V* = H Q) : (v*,v) > 0forallv €
K} denote the dual cone. Then V* is a Hilbert lattice with respect to the ordering induced by
K*, and every v* € V* can be uniquely decomposed as v* = (v*)* —(v*)~ with (v*)*/~ € K*,
[BC,Sch]. We say that v* € K* is bounded above by the constant |v*|s € [0, 00) if

(|00 — v, 0)y+y >0 forall v e K.

We say that v* € V* is bounded by a constant if (v*)* and (v*)~ are bounded above by
constants and we set

070 = max(|(0")"[, [(v) 7).

For example, consider the case Q = (—1,1), let () = |z| and Ay € V*, where A :
V — V* is the Laplacian with Dirichlet boundary conditions. Then [(A¢)"|, = oo and
[(AY)7|oo = 0. Tf 0" € L®(Q) C V™ then [(v*)" | = [(v") L@ [(V¥) oo = [(v") 7 |Lo()
and |[v*]oe = |U*[L(q)-

We assume throughout this section that
Yo €Viyo <9, ¥ € X, (AU + f()) | € L2(0,T), f € L*(0,T; H), (4.2)
and that

yteV,(y—¢)T eV, forally €V, and a(y,y™) > 0, for all y € X satisfying y* € V.
) (4.3)
With these conditions satisfied, Theorems 1 and 4, with A = [(AY + f(-))" | imply the

existence of y. € H'(0,T; H) N L*(0,T;dom(A)), y* € H'(0,T; H) N L*(0,T;dom(A)), and
M\ € L*(0,T; H), which are solutions to (2.3) and (2.15), respectively. Moreover, using (4.1)
we have

y. € L*(0,T;C(Q)) N H*((0,T) x Q) and y* € L*(0,T;C(Q)) N H*((0,T) x ). (4.4)
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We require a technical lemma which we describe next. For this purpose let ) denote a
non-cylindrical open subset of (0,7") x §2 and define Q; = {z : (t,z) € Q}, for t € (0,7"), and

={2:(0,2) € Q}, Qp = {x: (T,x) € Q}. Let (-,-)q, denote the standard inner product
on Q. The restriction of a to H'(£%;) x H*(€);) will again be denoted by a.

Lemma 4.1 Assume that Q@ = {(t,z) : t € (0,T), x € 4} is a sub-domain of (0,T) x Q
with Lipschitzean boundary, with g € L>(0,T; H™'()) with ess sup,eoy|9(t)]|s,0. < 0, and
that a(1,¢%) > 0, a(¢,¢™) > 0, for all € H (), t € (0,T). Let ¢ > 0, and assume that
yeY ={ye HY(Q): y(t,z) =0 fort € (0,T), v € IO} satisfies y(0,-) = 0 a.e. in Qy,
and

/0 [(%y(S),¢(8))as+a(y(5)7¢(S))+C(y(8),¢(8))Qs—<g(5),¢(5)>ﬂ1(Qs>,Hg<szs>] ds =0, (4.5)

for allt € [0,T] and ¢ € Y. Then y € L>(Q) and for all t € [0,T]

1 _ 1
= €88 SUPre(o) lg(t) |oo < yl(t,z) < ~ €55 SUPe(o,1) lg(t)t |, for a.e. x € Q.

Proof: Let § = esssup;c.ry [9(t) |oo., s€t ¢ = (y — g) and observe that ¢ € Y. Below
c

we shall use repeatedly that for y € Y, the traces y(t) = y(t,) € L*(€) for each t € [0, T,
and y(t,-) € H () for a.e. t € (0,T). Since a(1,$(t)) > 0 it follows from (4.5) that

Jo G (y(s) = 9),0(s)a, + fy aly(s) = L,6(s)) + ¢ [y (y(s) — £, 6(s))a.

< f(f<g(8) — G: Q) u-1(u),Hi) <0
and thus by Green’s formula [Gr]

3100 = 7+ [ atys) =2, (uts) — s <o

Since by assumption a(v,v") > 0 for v € H'(£), this implies that for each ¢ € [0,T] we
have

y(t,x) < esssupyeomlg” (t)]ocs
for a.e. x € €. The estimate from below can be verified analogously. [J

Let us introduce the active and inactive sets associated to the solution y* of (2.1):

A ={(t,z) € (0,T) x Q:y*(t,z) =(x)}, T"={(tz) € (0,T)xQ:y*(t,x) <Y(x)},

with boundaries 0.A4* and JZ*, respectively.
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4.1 Casel

Here we consider the case when A = 0. Recall that by the monotonicity result Corollary 2
we have:

Y < Ye < Yo,
for 0 < ¢ < ¢ < 0. Define

A.={(t,x) € (0,T) x Q: y(t,z) > (x)}.

Then for 0 < e < ¢ < o0
A" C A; C A..

This inclusion holds in the a.e. sense. If ¢ € C(€2), then due to (4.4) we have that for
a.e. t the inclusion A*(t) = {x € Q: y*(t,z) > Y(x)} C A(t) = {z € Q : y.(t,x) > ¢Y(x)}
holds for all z € €.

Theorem 4.1 Assume that (4.1)-(4.3) hold, that ¢ € C(Q) and that A* and A, ¢ > 0, are
domains in R™ with Lipschitz continuous boundaries. Then for every ¢ >0 and t € [0,T]

. 1
[9e(t) = y" (D) 1oo() < — €85 supre(or) (AP + () oo

Proof: We recall the regularity properties (4.4) as well as that A* C A, for every ¢ > 0.
From the definition of A. we have

d _
Eyc:A(yc—z/;) —c(Yye =)+ A+ f(t)in A., yo—9 =0o0n 0A.\{(T,z) € A.}.

From the proof of Lemma 4.1 with @ = A. and g = Ay + f we find

1 1
sup [ye(t) — ¥|res(a,) < o ess SUP;e 0.1y (AY + () lse < Lo SUPye (0.1 (AY + F) oo

t€[0,T)]
(4.6)
where Q; = {x : (t,z) € A.}.

We turn to the estimate on Z*. Let ¥ = {(¢t,z) € 0Z* : t € (0,T)} denote the lateral
boundary of Z* and set ¥; = {z : (t,2) € X}. Note that ¥, is defined in the pointwise
everywhere sense for a.e. t € (0,7), since y*(t) — ¢ € C(Q) for a.e. t € (0,T). For
a.e. t we have y.(t,-) —¢ > 0 on ¥;. Therefore v = esssup,eop|¥e(t, ) — ¥[ro(s,) and
Ye =Y =Y. — ¢ > 0 ae on JI" are welldefined. Note that a < esssup,ep|ye(t, ) —
V| ooy < 2 max(0, AY + f)|1=(), where A, = {z: (t,z) € A.}. On I* we have

4y —y)— Alye—y* )+ =X =X <0, on I*

Ye— Y =y.—1>00n IZ*, y.—y*=0on {(0,x) € T*},
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and therefore y = y. — y* satisfies (4.5) with ¢ = 0,9 = \* — A. < 0 and @ = Z*. Setting
¢ = (y(t) — @)t € Y in (4.5) it follows with the arguments as in the proof of Lemma 4.1
that for all t € [0, 7]

. 1
[9e(8) = 5" (D)lr=(zy) < @ < —esssupyeor) (A + ()" oo (4.7)

where Z} = {z : (t,z) € Z*}. Combining (4.6) and (4.7) implies the desired estimate. [

4.2 Case I1

We choose A(t) = |(Av + f(t))T|s and note that by (4.2) we have A € L>(0,T). The
monotonicity result Corollary 4 implies that y. < y. < y*, for 0 < ¢ < ¢ < 00. Define

A.={(t,z) € (0,T) x Q: A\(t,x) > 0},
where \.(t) = max(0, A\(t) + c(ye(t) — 1)) < max(0, A(t)). Then A, C A*.

Theorem 4.2 Assume that (4.1)-(4.3) hold, and that A* and A. are domains with Lipschitz
continuous boundaries. Then

) 1
[Ye — Y| L (01)x0) < 2633 Supte(o,T)KA@/) + () oo
Proof: On A, we have A+ c(y. — ) > 0, y* = ¢ and y. < 1) a.e. . Hence

* 1<
lY* = Yelpoo(an) < p; | Al Lo (0,1)-

Note that o := essSup y g)epoe () Y7 (8 ) = Ye(t, )| = esssup (o 1) [y (¢) — ye(t)| Lo (o), where
O ={x: (t,z) € A}, and that y*(¢) — y.(t) € C(R), for a.e. t € (0,T). Consequently, for
a.e. t € (0,T), we have

" (1) = YDz < 1Y (1) = ye(B)lc@) < @,
where 3, = {z : (t,z) € ¥} and ¥ = {(t,z) € 0Z* : t € (0,T)}. On Z* we have
G0 =y =AY —ye) = A= A" <0in T,
y* —y.>0on dZ, and y* —y. = 0 on {(0,7) : Z.}.

Taking the inner product with ¢ = (y* — y. — o)™ implies that

* 15
ly* — yc\Loo(zc) <a< p \)\|Loo(o,T)- 0

Remark: If Ay € L=(f2), then Theorem 4.2 holds with A(¢,z) = max(0, Ay (x) + f(t,2)),
with max defined pointwise a.e. in 2.
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5 Bilateral Constraints

In this section we consider (2.1) with bilateral constraints, i.e., the closed convex set C is
given by
C={yeH:p<y<y}inV,

and it is assumed to be nonempty. We assume that f € C([0,T]; H), and that ¢, ¢ € X
satisfy Ap € H , Av € H,

S1(t) ={z eQ:AY+ f(t) >0} NSs(t) ={x € Q: Ap + f(t) <0} is empty, (5.1)
for all ¢ € [0, 7] and that there exists a ¢y > 0 such that
—A(W — @)+ (v —p) >0 ae. in . (5.2)

In (5.1) the inequalities must be interpreted in the a.e. sense with respect to z € €. Let
A(t) € H be defined by
) A+ f(t), x € 5i(t)
At) =< Ap+ f(t), x € Si(t) (5.3)
0, otherwise.
We consider the regularized finite difference equations
(ykJrl oy
At
where 10 = o, f* = f((k + 1)At), and

() +a(y" o) + (AL 0) = (ff,9) =0, forallp € V (5.4)

A =max(0, A" + ¢ (" = ) + min(0, \* + ¢ (" — ), (5:5)

with A\* to be defined below. Then we have

Theorem 5.1 Assume that ¢, ¢ € X satisfy (5.1)—(5.3), (y —¢¥)*, (y — @)~ € V for all
y €V and
a(y,y™) >0 forally € X with yt €V,

If yo € C, then the solution y* to (5.4) with
) A+ fFif AY+ fF >0
MW=L Ap+ fF if Ap+ fF <0
0, otherwise,
defined a.e. with respect to x € (, satisfies y* € C for each ¢ > 0 and all k > 0.

Proof: Since y — max(0, \* + ¢ (y—1)) +min(0, \* + ¢ (y —¢)) € H is Lipschitz continuous
and monotone, existence of a solution to (5.4) follows with the same arguments as in the
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proof of Theorem 1, provided that At is sufficiently small. We now show by induction that
y* € C for all k. For y* € C we have

L, W = ) aly T~ (A —))
H(AY + 4+ M (65— 9)) = L 0 (0 —9)) <0

“On the set {z : y**' > ¢} we have pointwise a.e. :
If \¥(x) > 0, then
—(AY+ )+ T =y =) > 0,
if \¥(x) = 0, then
—(Ap+ ) N = eyt —9) >0,

if \F(2) < 0, then (Ay + f*)(z) < 0 and
—(Ap+ 1) AT = min(0, —A@W — @) +e (¥ — ¢)) 20,

for ¢ > cg. Thus (—(Ap + f%) + AN+ (y* —4p)T) > 0 and for At > 0 sufficiently small,
|(y**! — ) *|% < 0 and thus y*+1 <. Similarly, one can prove that y**! > ¢ a.e. in Q by
choosing the test function as (y**! — )~ € V, and thus y**! € C. O

Theorem 5.2 If the assumptions of Theorem 5.1 and (2.6) hold, then y. = lima; .o y(Alz

weakly in W (0,T) as At — 0%, y. € H'(0,T; H) N L*(0, T; dom(A)) N C(0,T;V), and

d

73Ye(t) = Aye(t) + Ac(t) = f(1), with y.(0) = yo, (5.6)

where B _

Ac(t) = max (0, A(t) + ¢ (ye(t) — ) + min(0, A(t) + ¢ (ye(t) — #))
and y.(t) € C for all ¢ > 0 and t € [0,T]. Moreover, y* = lim. .o y. weakly in W (0,7,
and \* = lim, .o A, weakly in L*(0,T; H), satisfy y* € H'(0,T; H) N L*(0,T; dom(A)) N
C(0,T;V) satisfy

d

Y (1) = Ay () + A1) = f(t), y7(0) = wo,
(5.7)

A(t) = max(0, A*(t) 4 ¢ (y"(t) — ¥)) +min(0, A*(t) + ¢ (y*(t) — ¢))-
Proof: From (5.5) and Theorem 5.1 it follows that [\ < |M*| ae. in Q for all k.
Thus we can proceed as in the proof of Corollary 4 and obtain the existence of a unique
ye(t) € HY(0,T; H) N L?(0,T;dom(A)) satisfying y.(t) € C for each for ¢ > 0 and ¢ € [0, T].

Moreover -
IAe(t)] < |A(t)] for a.e.t € (0,T).

Proceeding as in the proof of Theorem 4 we obtain y* and \*, with the specified regularity
properties and such that the first equation in (5.7) is satisfied. Moreover y. — y* strongly
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in L?(0,7;H) and A\. — \* weakly in L*(0,T;H) as ¢ — oo. It remains to verify the
complementarity conditions.
Without loss of the generality y. converges to y*(¢) a.e. in (0,7") x © and hence y*(t) € C,
since y.(t) € C, for all t € [0,T]. Moreover A.(t) > 0 a.e. on Si(t) for a.e. ¢t implies that
)

A*(t) > 0 a.e. on Si(t) for a.e. t. Thus fOT()\*(t),y*(t — )23,y dt < 0. Since

0< [ Ot (e(®) = ) + A sip e = [ N0 = Do

it follows that .
0
Similarly, we have

T
/ (A1), 4" (t) — ©)r2(s(r)) At = 0.
0

Hence (y*(t), \*(t)) satisfies the complementarity condition. [J

6 Numerical Result for Black-Scholes Model

In this section we present a numerical result for the Black-Scholes model for the American
put option. We let ¢ = 0.3, r = 0.06, 6 = 0 and K = 10. For these parameter choices we
have S ~ 5.7 according to Section 3 and thus we take [5, 00) as our computational domain.
In order deal with the semi-infinite domain we employ a decomposition technique. That is,
on [5, 15] we use the original coordinate and on [15,00) we employ the coordinate transform
S = e”. The resulting transformed equation is

d o?
6.1 —V+ —Vpy + 70, — 70 =0
(6.1) dt 2
on z € (log(15),00). An advantage of the equation in transformed coordinates is that it
allows to effectively treat the far-field condition. As boundary condition we use

2
o _

?Um—l—'r’v:O, =X
for sufficiently large X. This boundary condition is satisfied asymptotically by the asymp-
totic solution v in Section3. We use the central difference schemes space-wise with uniform
grids on [5, 15], and with non-uniform grids (successively doubling the step lengths towards
infinity) for (6.1). For time discretisation the Crank-Nicolson scheme is used and thus the
method is second-order in time and space. We implement the feasible approximation method
and which leads to solving nonlinear equations of the form

(6.2) V — AV +min(0, A+ ¢(V —¢)) = F, with A = —rK,
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on [5, X). The semi-smooth Newton method [HIK, IK3] is used to solve (6.2). As expected
it converges in finite step. In Figure 1 the value function v and the free curve S(t) based on

Ae(t) = min(0, A + ¢ (V (¢, S(t)) — )

are shown.

References

[A] J.-P. Aubin: Applied Functional Analysis, John Wiley&Sons, New York, 1979.

[B] V. Barbu: Nonlinear Semigroups and Differential Equations in Banach Spaces, No-
ordhoff Int. Publ., Leyden, 1976.

[BC] C. Baiocchi and A. Capelo: Variational an Quasivariational Inequalities, John Wiley
and Sons, New York, 1984.

29



[BL]

[HIK]

[DL]

(GLT]

(Gr]

1K1]

1K2]

1K3]

A. Bensoussan and J.L. Lions: Applications of Variational Inequalities in Stochastic
Control, North-Holland, Amsterdam, 1982.

M. Hintermiiller, K. Ito and K. Kunisch: The primal-dual active set strategy as a
semi—smooth Newton method, SIAM J. on Optimizations 13(2003), 865-888.

R. Dautray and J.L. Lions: Mathematical Analysis and Numerical Methods for Sci-
ence and Technology Vol 5, Springe-Verlag, Berlin, 1992.

R. Glowinski, J.L. Lions, and R. Tremoliers: Numerical Analysis of Variational
Inequalities, North Holland, Amsterdam, 1981.

P. Grisvard: Elliptic Problems in Nonsmooth Domains, Pitman, London 1985.

K. Ito and K. Kunisch: Augmented Lagrangian methods for nonsmooth convex opti-
mization in Hilbert spaces, Nonlinear Analysis, Theory, Methods and Applications,

41(2000), 573-589.

K. Ito and K. Kunisch: An augmented Lagrangian technique for variational inequal-
ities, Appl. Math. Optim., 21(1990), 223-241.

K. Tto and K. Kunisch: Semi-Smooth Newton Methods for Variational Inequalities
of the First KindOptimal control of elliptic variational inequalities, RAIRO, Math.
Model. and Num. Analysis.

J.L. Lions: Quelques Methodes de Resolution des Problemes aux Limites Non Lin-
eaires, Dunod, Paris, 1969.

B. Oksendal: Stochastic Differential Equations, Springer-Verlag, Berlin, 1998.
H.H. Schafer: Banach Lattices and Positive Operators, Springer-Verlag, Berlin, 1974.

R. Seydel: Tools for Computational Finance, Springer-Verlag, 2002.

30



